representation theory a first course

representation theory a first course serves as a fundamental gateway into a
powerful and abstract area of mathematics with far-reaching applications.
This comprehensive guide is designed for beginners, offering a clear and
accessible introduction to the core concepts, essential theorems, and
illustrative examples within this fascinating field. We will explore what
representation theory is, its historical development, and the key
mathematical objects it manipulates, such as groups and vector spaces.
Understanding the structure of abstract algebraic objects by realizing them
as linear transformations is at the heart of this subject. This article will
delve into finite groups, their representations, characters, and the
foundational theorems that govern them, laying the groundwork for further
study. Whether you are a mathematics student, a physicist, or a computer
scientist seeking to understand underlying structures, this exploration of
representation theory will provide a solid starting point.
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What 1s Representation Theory?

Representation theory is a branch of mathematics that studies abstract
algebraic structures by "representing" their elements as linear
transformations of vector spaces. Essentially, it translates the often
abstract properties of algebraic objects, like groups, into the more concrete
language of matrices and linear algebra. This translation allows
mathematicians and scientists to leverage the well-developed tools of linear
algebra to understand the structure and behavior of these abstract entities.
The core idea is to gain insight into the internal workings of an algebraic
structure by observing how its elements act on a space.

A group, for instance, is a set with a binary operation satisfying certain
axioms. Representation theory provides a way to visualize this abstract
structure by mapping group elements to invertible matrices. These matrices
then act on vectors in a vector space, and the properties of the matrix
multiplication must mirror the group operation. This correspondence is not
arbitrary; it must preserve the structure of the group. This process of
"realization" is what makes representation theory so powerful.

Historical Context and Motivation

The origins of representation theory can be traced back to the late 19th and
early 20th centuries, with significant contributions from mathematicians like
Georg Frobenius, William Burnside, and Issai Schur. One of the primary
motivations for its development was the study of finite groups. Frobenius, in
particular, was interested in understanding the structure of finite groups
and developed the theory of characters to study them. His initial work was
driven by an attempt to generalize results about permutation groups.

Another crucial driving force was the need to understand symmetry in physics
and chemistry. The abstract notion of symmetry in these fields often
translates directly to group structures. Representation theory provides a
systematic way to analyze these symmetries by studying how geometric
transformations or physical operations can be represented as linear
operators. This has led to profound insights in quantum mechanics,



crystallography, and molecular spectroscopy, among other areas.

Key Mathematical Objects in Representation
Theory

Before delving deeper into representations themselves, it's essential to
understand the fundamental mathematical objects involved. These are primarily
groups, which provide the abstract algebraic structure, and vector spaces,
which serve as the stage upon which these structures are realized.

Groups and Their Structures

A group $(G, \cdot)$ is a set $G$ equipped with a binary operation $\cdot$
that satisfies the following axioms: closure (for any $a, b \in G$, $%$a \cdot
b \in G$), associativity ($a \cdot (b \cdot c) = (a \cdot b) \cdot c$ for all
$a, b, c \in G$), existence of an identity element (there exists $e \in G$
such that $a \cdot e = e \cdot a = a$ for all $a \in G$), and existence of
inverse elements (for every $a \in G$, there exists $a”{-1} \in G$ such that
$a \cdot a"~{-1} = a~{-1} \cdot a = e$). Groups can be finite or infinite,
abelian (commutative) or non-abelian. The study of group structure is central
to abstract algebra.

Vector Spaces and Linear Transformations

A vector space $V$ over a field $F$ (often the field of real numbers
$\mathbb{R}$ or complex numbers $\mathbb{C}$) is a set of vectors on which
addition and scalar multiplication are defined, satisfying certain axioms
that ensure these operations behave in a well-behaved manner. Linear
transformations are functions between vector spaces that preserve vector
addition and scalar multiplication. If $V$ and $W$ are vector spaces over
$F$, a linear transformation $T: V \to W$ satisfies $T(u+v) = T(u) + T(v)$
and $T(cv) = cT(v)$ for all $u, v \in V$ and $c \in F$. When $V$ and $W$ are
finite-dimensional, linear transformations can be represented by matrices.

Representations of Groups

The core of representation theory lies in defining and studying how groups
can be "represented" as linear transformations. This involves establishing a
correspondence between abstract group elements and concrete matrices or
linear operators.



Defining a Group Representation

A representation of a group $G$ on a vector space $V$ over a field $F$ is a
group homomorphism $\rho: G \to GL(V)$, where $GL(V)$ is the group of
invertible linear transformations from $V$ to itself. If $V$ is finite-
dimensional, say $n$-dimensional, then $GL(V)$ is isomorphic to $GL n(F)$,
the group of invertible $n \times n$ matrices with entries in $F$. The
homomorphism property means that for any $g 1, g 2 \in G$, $\rho(g 1 g 2) =
\rho(g 1) \rho(g 2)$. This is the crucial condition that ensures the
structure of the group is preserved under the mapping.

A representation is often specified by the group $G$, the vector space $V$
(called the representation space), and the homomorphism $\rho$. If $V$ is
finite-dimensional, we often refer to it as a finite-dimensional
representation. The dimension of the representation space is called the
dimension of the representation.

Examples of Group Representations

Let's consider some fundamental examples to illustrate the concept.

e The trivial representation: For any group $G$, there is always the
trivial representation on a one-dimensional vector space $V \cong F$.
The homomorphism $\rho: G \to GL 1(F)$ maps every element $g \in G$ to
the scalar 1. This is always a valid representation because $1 \cdot 1 =

1%.

e Permutation representations: For a permutation group $G$ acting on a set
$X$, we can define a representation on the vector space $V = F*"X$ of
functions from $X$ to $F$. For $f \in V$ and $g \in G$, the action is
defined by $(\rho(g)f)(x) = f(g™{-1}x)$. Alternatively, a more common
approach is to use the standard basis vectors $e x$ for $x \in X$. Then
$\rho(g)e x = e _{g x}$.

e Matrix representations: For the symmetric group $S 3%, we can consider
its action on $\mathbb{R}"2$ by permuting coordinates. For example, if
$9g = (1 2)$, then $\rho(g)$ could be the matrix $\begin{pmatrix} 0 & 1
\\ 1 & 0 \end{pmatrix}$. This forms a representation if the mappings are
indeed homomorphisms.

These examples highlight how abstract group operations can be realized
through matrix multiplication acting on vectors.



Irreducible Representations

A key concept in representation theory is that of irreducible
representations. A representation $(\rho, V)$ of a group $G$ is called
irreducible if the only $G$-invariant subspaces of $V$ are the trivial
subspace $\{0\}$ and the entire space $V$. A subspace $W \subseteq V$ is $G$-
invariant if for every $g \in G$ and every $w \in W$, $\rho(g)w \in W$.
Intuitively, an irreducible representation cannot be decomposed into smaller,
non-trivial representations.

If a representation is not irreducible, it is called reducible. A reducible
representation can be decomposed into a direct sum of irreducible
representations. This decomposition is a fundamental goal of representation
theory, as irreducible representations are the basic building blocks. The
ability to break down complex representations into simpler, irreducible
components greatly simplifies their study.

Maschke's Theorem and Reducibility

Maschke's Theorem is a cornerstone result in the representation theory of
finite groups over fields of characteristic zero (like $\mathbb{R}$ or
$\mathbb{C}$). The theorem states that every representation of a finite group
$G$ over a field $F$ whose characteristic does not divide the order of $G$ is
a direct sum of irreducible representations. This means that for such groups
and fields, every representation can be completely decomposed into
irreducible ones.

The proof of Maschke's Theorem involves constructing an averaging process
over the group elements to ensure that any invariant subspace has a
complementary invariant subspace, thus allowing for the decomposition. This
theorem is crucial because it guarantees that the set of irreducible
representations is finite (for finite groups) and that understanding these
irreducible representations is sufficient to understand all representations.

Characters of Representations

Characters provide a powerful invariant for representations. The character
$\chi \rho$ of a representation $\rho: G \to GL(V)$ is a function from $G$ to
the field $F$ defined by $\chi \rho(g) = \text{trace}(\rho(g))$ for all $g
\in G$. The trace of a linear transformation is the sum of the diagonal
elements of its matrix representation. Characters are important because they
are constant on conjugacy classes of the group, and they are often easier to
compute than the representations themselves.



Two representations are considered equivalent if they are similar (i.e.,
related by a change of basis). Importantly, equivalent representations have
the same character. Furthermore, for finite groups over fields of
characteristic zero, a representation is uniquely determined (up to
isomorphism) by its character. This means that studying the characters of a
group is equivalent to studying its representations.

The Character Table

The character table of a finite group $G$ is a square matrix where the rows
are indexed by the irreducible characters of $G$, and the columns are indexed
by the conjugacy classes of $G$. The entry in the $i$-th row and $j$-th
column is the value of the $i$-th irreducible character evaluated on an
element from the $j$-th conjugacy class. The character table is a compact and
informative summary of the representation theory of the group. It contains a
wealth of information about the group's structure, including the number of
irreducible representations, their dimensions, and relationships between
conjugacy classes.

Character tables are indispensable tools for analyzing finite groups. They
can be used to determine if a group is simple, to find subgroups, and to
understand the symmetries of various mathematical and physical objects. For
example, the character table of a point group in chemistry can reveal the
symmetry properties of molecules.

Applications of Representation Theory

Representation theory is not merely an abstract mathematical pursuit; it has
profound and practical applications across numerous scientific disciplines.

In Physics

In quantum mechanics, symmetry plays a fundamental role. Physical systems
often possess symmetries, which are described by groups. Representation
theory provides the mathematical framework to study these symmetries. For
instance, the irreducible representations of the rotation group $S0(3)$
correspond to the different angular momentum states of particles. The
degeneracy of energy levels in atoms and molecules is often explained by the
representations of the symmetry group of the Hamiltonian. Particle physics
heavily relies on representation theory to classify elementary particles
based on their symmetry properties, such as those described by the Lorentz
group and gauge groups.



In Chemistry

In chemistry, representation theory is crucial for understanding molecular
symmetry and its consequences. Point groups, which describe the symmetry
operations of molecules, are finite groups. The irreducible representations
of these point groups are used to classify molecular orbitals, predict
spectroscopic properties (like infrared and Raman activity), and understand
the degeneracy of electronic states. For example, determining the symmetry of
a molecule helps predict how it will interact with light.

In Computer Science

While perhaps less immediately obvious, representation theory finds
applications in computer science, particularly in areas dealing with
algorithms and data structures that exploit symmetry. For example, in graph
theory, understanding the symmetry of a graph can lead to more efficient
algorithms for problems like graph isomorphism. Techniques from
representation theory are also used in areas like signal processing and
error-correcting codes, where understanding the structure of data and
transformations is key.

Further Study and Resources

This article has provided a foundational overview of representation theory.
For those who wish to delve deeper, a wealth of resources is available.
Standard textbooks offer rigorous treatments of the subject, exploring topics
such as the representation theory of Lie groups, algebraic groups, and
infinite-dimensional representations. Online courses and lecture notes from
universities also provide valuable learning materials. Engaging with the
examples and exercises presented in these resources is essential for
solidifying understanding. Many advanced topics in mathematics and physics
would be inaccessible without a grasp of these foundational concepts.

Frequently Asked Questions

What is the fundamental goal of representation
theory in a first course?

The fundamental goal is to understand abstract algebraic structures (like
groups and algebras) by studying their 'representations,' which are linear
transformations on vector spaces. This allows us to translate abstract
problems into concrete, calculable ones.



What is a 'representation' of a group?

A representation of a group G is a group homomorphism from G to the group of
invertible linear transformations of a vector space V (often denoted GL(V) or
GL(n, F)). Essentially, it assigns a matrix to each group element in a way
that respects the group's multiplication.

Why are 'irreducible representations' so important?

Irreducible representations are the building blocks of all other
representations. Just as prime numbers are fundamental to integers,
irreducible representations are the 'atoms' that can be used to construct
more complex representations through direct sums. Understanding them
simplifies the study of all representations.

What is a 'character' of a representation?

The character of a representation is a function that maps each group element
to the trace of its corresponding linear transformation (matrix). Characters
are powerful tools because they are constant on conjugacy classes, reducing
the information needed, and they uniquely determine a representation up to
isomorphism.

How are characters used to determine if a
representation is irreducible?

A representation is irreducible if and only if the inner product of its
character with itself is 1. This is a fundamental theorem: <chi, chi> =
(1/|G|) sum {g in G} |chi(g)|"2 = 1 for irreducible characters.

What is the 'regular representation' and why 1is it
significant?

The regular representation is a specific representation of a group G on the
vector space of functions from G to a field F. It's significant because it
contains every irreducible representation of G exactly once as a summand,
making it a rich source for discovering all irreducible representations.

What is a 'Schur's Lemma' and what does it state?

Schur's Lemma is a cornerstone result. For an irreducible representation of
an algebra A on a vector space V over an algebraically closed field, any
linear transformation from V to itself that commutes with all the action of A
must be a scalar multiple of the identity. It has profound implications for
intertwining maps between representations.



What is the relationship between group
representations and symmetry?

Representation theory provides a rigorous mathematical framework for
understanding symmetry. In physics and chemistry, symmetries of a system
(like rotations or reflections) form a group, and the behavior of physical
states under these symmetries is described by representations of that group.

Additional Resources

Here are 9 book titles related to a first course in representation theory,
each with a brief description:

1. A First Course in Representation Theory. This textbook provides a gentle
introduction to the fundamental concepts of representation theory, focusing
on groups and their representations over fields like the complex numbers. It
builds intuition through numerous examples and aims to equip students with a
solid understanding of modules, character theory, and basic applications. The
coverage is designed to be accessible to those with a background in linear
algebra and abstract algebra.

2. Introduction to Representation Theory with Applications. This book aims to
bridge the gap between abstract theory and practical use. It covers the core
ideas of finite group representation theory, including induced
representations and Frobenius reciprocity, before delving into applications
in areas such as combinatorics, coding theory, and physics. The text
emphasizes a clear, step-by-step approach to understanding the power and
utility of representations.

3. Representations of Finite Groups: An Introduction. This approachable
volume offers a comprehensive overview of the representation theory of finite
groups. It starts with basic definitions and progresses to more advanced
topics like irreducibility, characters, and representations of symmetric
groups. The book is rich with exercises and examples designed to solidify
comprehension for beginners.

4. The Language of Symmetry: A First Course in Group Representation. Focusing
on the concept of symmetry as a driving force, this book introduces
representation theory as a tool to understand and analyze symmetry in various
mathematical and scientific contexts. It covers the rudiments of group theory
and then systematically develops the theory of representations, highlighting
connections to linear algebra and group actions. The narrative is crafted to
be engaging and intuitive for newcomers.

5. Elements of Representation Theory for Physicists. While aimed at
physicists, this book provides an excellent entry point into representation
theory for anyone seeking a more applied perspective. It begins with the
fundamentals of group theory and then builds up to the representation theory
of Lie groups and Lie algebras, essential for quantum mechanics and particle



physics. The text focuses on the computational aspects and the physical
significance of representations.

6. Basic Representation Theory. This concise text delivers a focused and
direct introduction to the essential concepts of representation theory. It
covers the theory of modules over rings, with a particular emphasis on
modules over group algebras of finite groups. The book's clarity and
conciseness make it ideal for a swift and efficient first encounter with the
subject.

7. Understanding Group Representations. This book seeks to demystify group
representation theory by building from foundational concepts. It explores the
properties of irreducible representations and their characters, using
illustrative examples from areas like finite permutation groups. The text is
structured to foster deep conceptual understanding rather than just rote
memorization.

8. A Graduate Course in Group Representations. Although titled as a graduate
course, the initial chapters of this book offer a thorough and accessible
introduction suitable for advanced undergraduates or those beginning their
journey in representation theory. It covers the classical theory of finite
group representations with a strong emphasis on character theory and its
applications. The book is known for its detailed proofs and logical
progression.

9. Linear Representations of Groups. This volume provides a solid grounding
in the theory of linear representations of groups, focusing on both finite
and compact Lie groups. It introduces key concepts such as invariant
subspaces, irreducible representations, and characters, and illustrates them
with numerous examples. The book is designed to provide a comprehensive yet
manageable introduction for students new to the field.
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