modular functions and dirichlet series
in number theory

modular functions and dirichlet series in number theory represent two
fundamental concepts that have significantly influenced the development of
modern mathematics, especially in the field of analytic number theory.
Modular functions arise from the study of modular forms, which are complex
functions exhibiting a high degree of symmetry under the action of modular
groups. Dirichlet series, on the other hand, are infinite series often used
to encode arithmetic information, with the Riemann zeta function being a
prominent example. The interplay between modular functions and Dirichlet
series in number theory has led to deep insights, including connections to L-
functions, the distribution of prime numbers, and the proof of notable
conjectures. This article explores the definitions, properties, and
applications of modular functions and Dirichlet series, emphasizing their
roles within number theory. The discussion will cover foundational concepts,
analytic properties, and significant theorems, providing a comprehensive
overview for readers interested in this rich area of mathematics.
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Fundamentals of Modular Functions

Modular functions are complex functions defined on the upper half-plane and
invariant under the action of modular groups, typically the group SL(2, Z) or
its subgroups. These functions are closely related to modular forms, which
are holomorphic functions satisfying specific transformation properties and
growth conditions. Modular functions can be seen as quotients of modular
forms and exhibit remarkable symmetry properties that make them central
objects in number theory and complex analysis.

Definition and Properties

A modular function is a meromorphic function f on the upper half-plane H that
satisfies



f((at + b)/(ct + d)) = f(t) for all matrices | (\begin{pmatrix} a & b \\ ¢ & d
\end{pmatrix} \in SL(2, \mathbb{Z})\), where Tt € H.

Additionally, modular functions are required to be meromorphic at the cusps,
points on the boundary of the modular domain. These properties imply that
modular functions can be expanded in g-series, where q = e”{2nit}, enabling
connections to Fourier analysis and arithmetic functions.

Examples of Modular Functions

Several classical modular functions play fundamental roles in number theory:

e j-invariant: A modular function that classifies elliptic curves over the
complex numbers up to isomorphism.

e Hauptmoduln: Functions generating the function field of modular curves
associated with genus zero subgroups of SL(2, 7).

* Modular lambda function: Related to the theory of elliptic functions and
modular equations.

Introduction to Dirichlet Series

Dirichlet series are infinite series of the form \(\sum {n=1}"\infty

\frac{a n}{n”~s}\), where s is a complex variable and a n is a sequence of
complex coefficients. These series are fundamental tools in analytic number
theory, encoding arithmetic information and generalizing the Riemann zeta
function. Dirichlet series often converge in half-planes of the complex plane
and can be analytically continued to larger domains.

Basic Properties and Convergence

The convergence of a Dirichlet series depends on the real part of s, denoted
Re(s). There exists an abscissa of convergence ¢ c¢ such that the series
converges if Re(s) > o c¢ and diverges otherwise. Many important Dirichlet
series admit meromorphic continuation beyond their initial domain of
convergence and satisfy functional equations, which are crucial for their
applications.

Notable Examples

Key examples of Dirichlet series in number theory include:

e Riemann zeta function: C(s) = \(\sum {n=1}"\infty \frac{1}{n"s}\),



encoding the distribution of prime numbers.

e Dirichlet L-functions: Generalizations of the zeta function
incorporating Dirichlet characters, important for studying primes in
arithmetic progressions.

* Hecke L-functions: Associated with modular forms and automorphic
representations, linking modular functions to Dirichlet series.

Connections Between Modular Functions and
Dirichlet Series

The relationship between modular functions and Dirichlet series is a central
theme in analytic number theory, particularly through the theory of modular
forms and their associated L-functions. Modular forms give rise to Dirichlet
series via Mellin transforms, establishing deep connections between complex
analysis, algebra, and number theory.

Mellin Transforms and L-functions

Given a modular form f(t) with Fourier expansion | (\sum {n=1}"\infty a n
e™{2\pi 1 n \tau}\), its Mellin transform defines a Dirichlet series:

\(L(s, f) = \sum {n=1}~\infty \|frac{a n}{n"s}\).

This L-function often has analytic continuation and satisfies a functional
equation, properties inherited from the modular form. Such L-functions
generalize Dirichlet L-series and play a pivotal role in modern number
theory.

Modularity Theorem and Dirichlet Series

The modularity theorem, formerly the Taniyama-Shimura conjecture, states that
certain elliptic curves over the rationals correspond to modular forms. This
correspondence implies that the L-series of these elliptic curves can be
expressed as Dirichlet series associated with modular forms, providing a
profound link between algebraic geometry and analytic number theory.

Applications in Number Theory

Modular functions and Dirichlet series have numerous applications in number
theory, ranging from the distribution of primes to the study of arithmetic
objects such as elliptic curves and class numbers. Their interplay has led to
breakthroughs in longstanding problems and conjectures.



Prime Number Theorems and Arithmetic Progressions

Dirichlet L-functions derived from characters mod k are instrumental in
proving Dirichlet's theorem on primes in arithmetic progressions. Modular
forms also contribute to understanding prime distributions through their
associated L-functions and spectral theory.

Class Number Formulas and Algebraic Number Theory

The values and special properties of Dirichlet series linked to modular
functions provide formulas for class numbers of number fields, which measure
the failure of unique factorization. These connections deepen the
understanding of algebraic integers and their factorization properties.

Elliptic Curves and Modular Forms

The study of elliptic curves is enriched by modular functions and their
associated Dirichlet series. The modularity theorem implies that the
arithmetic of elliptic curves is encoded in modular forms, whose L-functions
are Dirichlet series with important analytic properties used in proofs of
results like Fermat's Last Theorem.

Advanced Topics and Recent Developments

Research on modular functions and Dirichlet series in number theory continues
to evolve, with advances in automorphic forms, Langlands program, and
computational techniques. These developments expand the applications and
theoretical framework of these concepts.

Automorphic Forms and Generalized Dirichlet Series

Automorphic forms generalize modular forms to higher-dimensional groups,
leading to more complex Dirichlet series and L-functions. These
generalizations form the backbone of the Langlands program, a far-reaching
set of conjectures connecting number theory, representation theory, and
geometry.

Computational Aspects and Explicit Formulas

Advances in computational number theory have enabled explicit calculations of
modular functions and evaluation of Dirichlet series coefficients. These
computations enhance the understanding of their arithmetic properties and
facilitate experimental verification of conjectures.



Recent Breakthroughs

Recent breakthroughs include progress on the Sato-Tate conjecture, non-
vanishing results of L-functions, and explicit construction of modular
functions with prescribed properties. These achievements underscore the
vitality of research in modular functions and Dirichlet series within number
theory.

Frequently Asked Questions

What is a modular function in number theory?

A modular function is a complex function that is invariant under the action
of a modular group, typically the group SL(2, Z), and is meromorphic on the
upper half-plane. These functions play a central role in number theory and

the theory of modular forms.

How are modular functions related to modular forms?

Modular functions can be viewed as modular forms of weight zero. While
modular forms are holomorphic functions satisfying certain transformation
properties and growth conditions, modular functions are allowed to have poles
but still maintain invariance under the modular group.

What is a Dirichlet series in number theory?

A Dirichlet series is an infinite series of the form \( \sum {n=1}"\infty
\frac{a n}{n”s} \), where \( s \) is a complex variable and \( a n \) are
complex coefficients. Dirichlet series are used to encode arithmetic
information and generalize the Riemann zeta function.

How do Dirichlet series connect to modular forms?

The Fourier coefficients of modular forms often generate Dirichlet series
with analytic continuation and functional equations. For example, the L-
series associated with a modular form is a Dirichlet series encoding
significant arithmetic data.

What is the significance of the modularity theorem
in relation to Dirichlet series?

The modularity theorem states that elliptic curves over the rationals
correspond to modular forms. The L-series of the elliptic curve, a Dirichlet
series, matches the L-series of a modular form, linking the arithmetic of
elliptic curves with modular functions.



Can modular functions be expressed in terms of
Dirichlet series?

While modular functions themselves are not typically expressed directly as
Dirichlet series, the associated modular forms or cusp forms have Fourier
expansions whose coefficients can be used to form Dirichlet series, such as
L-series.

What role do Dirichlet characters play in Dirichlet
series?

Dirichlet characters are completely multiplicative functions used as
coefficients in Dirichlet series called Dirichlet L-series. These series
generalize the Riemann zeta function and are crucial in studying arithmetic
progressions and primes.

How does the Mellin transform relate modular forms
and Dirichlet series?

The Mellin transform of a modular form's Fourier expansion produces a
Dirichlet series known as the L-series of the modular form, providing
analytic continuation and functional equations important in number theory.

What is the importance of functional equations in
Dirichlet series associated with modular forms?

Functional equations relate the values of Dirichlet series at \( s \) and \(
1 - s \), reflecting deep symmetries. For L-series of modular forms, these
equations are fundamental for understanding their analytic properties and
applications in number theory.

Are there recent developments connecting modular
functions and Dirichlet series?

Recent research explores p-adic modular forms, automorphic forms, and their
associated Dirichlet series, expanding classical theories to broader contexts
and revealing new connections in arithmetic geometry and Langlands program.

Additional Resources

1. Modular Functions and Dirichlet Series in Number Theory

This classic text by Tom M. Apostol provides a comprehensive introduction to
modular functions and Dirichlet series, emphasizing their applications in
analytic number theory. The book covers modular forms, Eisenstein series, and
the theory of L-functions. It is well-suited for graduate students and
researchers seeking a blend of theory and explicit calculations.



2. Introduction to Modular Forms

Written by Serge Lang, this book offers a detailed exposition of modular
forms, including their construction via Dirichlet series and Fourier
expansions. Lang explores the connections between modular forms and number
theory, providing foundational tools for understanding the arithmetic of
modular functions. The text is rigorous and ideal for readers with a solid
background in complex analysis and algebra.

3. Dirichlet Series and Modular Forms

This monograph by Henryk Iwaniec focuses on the analytic properties of
Dirichlet series and their relation to modular forms. It discusses the
analytic continuation, functional equations, and special values of L-series
attached to modular forms. The book is particularly useful for researchers
interested in the analytic aspects of number theory.

4. Fourier Analysis in Number Theory and Modular Forms

Author Anthony W. Knapp presents a clear treatment of Fourier analysis
techniques applied to modular forms and Dirichlet series. The text explores
the spectral theory of automorphic forms and the role of Fourier expansions
in understanding modular functions. It is designed for advanced students
aiming to link harmonic analysis with number theory.

5. Modular Forms and Dirichlet Series in Number Theory: An Introduction

This introductory book by L. J. P. Kilford offers a modern approach to
modular forms and their associated Dirichlet series. It covers the basics of
modular functions, Hecke operators, and the construction of L-series, with
numerous examples and exercises. The accessible style makes it suitable for
newcomers to the field.

6. Automorphic Forms and L-Functions for the Group GL(n)

Dorian Goldfeld’s work extends the theory of modular functions and Dirichlet
series to automorphic forms on GL(n). It includes detailed discussions on L-
functions, functional equations, and applications to number theory. This
advanced volume is targeted at researchers interested in the generalizations
of classical modular forms.

7. Modular Forms: A Classical and Computational Introduction

By Lloyd J. P. Kilford, this book emphasizes both the theoretical and
computational aspects of modular forms and their Dirichlet series. It
introduces algorithms for computing Fourier coefficients and explores
applications to elliptic curves and number theory. The blend of theory and
computation makes it valuable for both pure and applied mathematicians.

8. Analytic Number Theory and Modular Forms

This collection of lectures edited by Henryk Iwaniec covers a broad spectrum
of topics linking analytic number theory with modular forms and Dirichlet
series. It includes advanced results on the distribution of prime numbers and
spectral theory. Suitable for experienced researchers, it provides deep
insights into modern developments.

9. Multiplicative Number Theory I: Classical Theory



Hugh L. Montgomery and Robert C. Vaughan offer a thorough treatment of
Dirichlet series and their role in multiplicative number theory, including
connections to modular forms. The book covers classical results such as the
Prime Number Theorem and zero-free regions of L-functions. It is an essential
reference for understanding the analytic backbone of modular functions and
Dirichlet series.
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