
measure and integral an introduction to real
analysis
measure and integral an introduction to real analysis is a foundational topic in advanced
mathematics that extends the classical notions of length, area, and volume to more complex and
abstract settings. This subject forms the backbone of modern analysis, providing rigorous tools to
handle functions, sets, and their sizes in ways that classical calculus cannot. Understanding measure
theory and the integral from a real analysis perspective allows mathematicians to study
convergence, continuity, and differentiation under broader conditions. This article explores the
fundamental concepts, including sigma-algebras, measurable functions, Lebesgue measure, and the
Lebesgue integral. Additionally, it discusses key theorems and applications that highlight the power
and elegance of this approach. The comprehensive overview serves as an essential introduction to
measure and integral within the wider context of real analysis.
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Foundations of Measure Theory
Measure theory is the mathematical framework that generalizes the intuitive notion of size or
volume beyond simple geometric figures. It provides a systematic way to assign a non-negative
number, called a measure, to subsets of a given space, often the real line or Euclidean spaces. This
section introduces the foundational elements of measure theory, necessary for a robust
understanding of measure and integral an introduction to real analysis.

Sigma-Algebras and Measurable Spaces
A sigma-algebra (σ-algebra) is a collection of subsets of a given set that is closed under countable
unions, countable intersections, and complements. This structure is critical because it defines the
domain over which a measure can be consistently defined. A measurable space is a pair consisting of
a set and a sigma-algebra on that set, providing the stage for measure definition.



Definition of a Measure
A measure is a function that assigns a non-negative extended real number to each set in a sigma-
algebra, satisfying countable additivity. Countable additivity means that if a set can be decomposed
into a countable union of disjoint measurable sets, the measure of the whole set equals the sum of
the measures of the parts. This property distinguishes measures from simpler set functions.

Properties of Measures
Important properties include monotonicity (if one set is contained in another, its measure is less or
equal), null empty set (the measure of the empty set is zero), and subadditivity. These properties
ensure that measures provide a consistent and intuitive notion of size, enabling further analysis.

The Concept of Measurable Sets
Measurable sets form the backbone of measure theory, as they are the "well-behaved" sets for which
measures can be defined. The collection of measurable sets is designed to extend beyond just
intervals and simple shapes, accommodating more complex subsets of the real numbers and other
spaces.

Examples of Measurable Sets
Intervals in the real numbers, such as open, closed, and half-open intervals, are measurable sets
under the Lebesgue measure. Additionally, countable sets, including finite sets and sequences, are
measurable and have measure zero. The class of measurable sets also includes complements and
countable unions or intersections of measurable sets.

Non-Measurable Sets
Not all subsets of the real line are measurable. The existence of non-measurable sets is guaranteed
by the axiom of choice, with the Vitali set being a classic example. These sets defy the intuitive
notion of size and are excluded from the domain of standard measures like the Lebesgue measure.

Importance in Real Analysis
Identifying measurable sets is crucial because integration and limit processes rely on manipulating
these sets. The concept of measurability ensures that functions defined on these sets behave well
under limiting operations and that integrals can be properly defined.

Measurable Functions and Their Properties
Measurable functions are mappings between measurable spaces that preserve the structure of
measurability. They generalize continuous functions and are central to the development of the



Lebesgue integral and further analytical concepts.

Definition of Measurable Functions
A function is measurable if the preimage of every Borel set (a sigma-algebra generated by open
intervals) is a measurable set. This definition ensures that the function interacts appropriately with
the underlying measure space, allowing integration and limit operations.

Examples and Basic Properties
Continuous functions on the real line are measurable, as are simple functions—functions taking only
finitely many values. Measurable functions are closed under pointwise limits, sums, and products,
which is essential for constructing complex functions from simpler ones.

Role in Integration
Measurable functions serve as the primary class of functions that can be integrated with respect to a
measure. Their well-defined behavior on measurable sets allows for the extension of integration from
simple functions to more complex cases.

Lebesgue Measure and Its Construction
The Lebesgue measure is the standard way to assign a measure to subsets of the real line, extending
the notion of length to a broad class of sets. Its construction marks a significant advancement in real
analysis and measure theory.

Motivation for Lebesgue Measure
Classical length measurement is insufficient for many sets encountered in analysis. Lebesgue
measure addresses shortcomings of the Riemann integral by measuring more complex sets and
enabling integration of a wider class of functions.

Construction Outline
Lebesgue measure is constructed by first defining the outer measure based on covering sets by
intervals, then restricting it to measurable sets via Carathéodory’s criterion. This approach ensures
countable additivity and consistency with intuitive length for intervals.

Properties of Lebesgue Measure
Key properties include translation invariance, completeness (all subsets of measure-zero sets are
measurable), and sigma-finiteness. These attributes make Lebesgue measure a powerful tool for



analysis.

The Lebesgue Integral: Definition and Comparison
The Lebesgue integral generalizes the classical Riemann integral by integrating functions relative to
a measure rather than over intervals. This section elucidates the definition, construction, and
advantages of the Lebesgue integral.

Definition via Simple Functions
The Lebesgue integral is defined by approximating measurable functions with simple
functions—those taking finitely many values—and taking limits of their integrals. This method
effectively handles functions with complex sets of discontinuities.

Comparison with Riemann Integral
Unlike the Riemann integral, the Lebesgue integral can integrate functions with numerous
discontinuities and better handles limit operations. Functions that are not Riemann integrable may
be Lebesgue integrable, broadening the scope of integration.

Advantages and Applications
The Lebesgue integral facilitates powerful convergence theorems, such as the Monotone
Convergence Theorem and Dominated Convergence Theorem. These results are fundamental in
analysis, probability theory, and partial differential equations.

Key Theorems in Measure and Integration
Several pivotal theorems underpin measure and integral theory, establishing foundational results
that support the broader framework of real analysis.

Monotone Convergence Theorem
This theorem states that for a non-decreasing sequence of non-negative measurable functions
converging pointwise, the integral of the limit equals the limit of the integrals. It is crucial for
exchanging limits and integrals reliably.

Dominated Convergence Theorem
The Dominated Convergence Theorem allows interchange of limit and integral under domination by
an integrable function. This theorem is widely used in analysis to justify limit operations in integral



expressions.

Fatou’s Lemma
Fatou’s Lemma provides an inequality relating the integral of the limit inferior of a sequence of
functions to the limit inferior of their integrals. It is a fundamental tool in measure theory for
handling limits of integrals.

Fubini’s Theorem
Fubini’s Theorem enables the evaluation of double integrals as iterated integrals when integrating
functions over product spaces. It is essential for multidimensional integration and applications in
probability and statistics.

Applications and Importance in Real Analysis
The study of measure and integral in real analysis has profound implications in various mathematical
and applied fields. Its rigorous framework supports advanced research and practical applications.

Probability Theory
Measure theory underlies modern probability, where probability measures replace general
measures. The Lebesgue integral corresponds to the expectation of random variables, providing a
unified approach to probabilistic analysis.

Functional Analysis and PDEs
Measure and integration theory are fundamental in the study of function spaces, such as Lp spaces,
and the analysis of partial differential equations. They enable precise definitions of norms and
convergence necessary for solving complex equations.

Ergodic Theory and Dynamical Systems
These fields rely heavily on measure-preserving transformations and invariant measures to study
long-term behavior of systems. Measure theory provides the tools to analyze stability and recurrence
properties rigorously.

Summary of Core Concepts

Measure theory generalizes size and volume concepts through sigma-algebras and measures.



Measurable sets form the domain for measures and integrals, extending beyond classical
geometry.

Measurable functions enable integration and limit operations within measure spaces.

Lebesgue measure and integral extend classical notions, accommodating complex functions
and sets.

Key theorems ensure the validity of exchanging limits and integrals, critical in analysis.

Applications span probability, functional analysis, PDEs, and dynamical systems.

Frequently Asked Questions

What is the main focus of 'Measure and Integral: An
Introduction to Real Analysis' by Richard L. Wheeden and
Antoni Zygmund?
The book primarily focuses on providing a comprehensive introduction to measure theory and the
Lebesgue integral, serving as a foundation for real analysis and its applications.

How does the book approach the concept of measure in real
analysis?
The book introduces measure theory starting from the construction of outer measures and
Carathéodory's criterion, leading to the definition of measurable sets and measures, emphasizing
rigorous proofs and intuitive explanations.

What prerequisites are recommended before studying this
book?
A solid understanding of undergraduate real analysis, including sequences, series, continuity,
differentiation, and Riemann integration, is recommended to fully grasp the concepts presented in
this book.

Does the book cover the Lebesgue Dominated Convergence
Theorem?
Yes, the Lebesgue Dominated Convergence Theorem is thoroughly covered, including its statement,
proof, and applications within the context of Lebesgue integration.



Are there exercises included to practice the concepts in
'Measure and Integral'?
Yes, the book contains numerous exercises at the end of each chapter designed to reinforce
understanding and develop problem-solving skills related to measure theory and integration.

How does this book compare to other real analysis texts
focusing on measure and integration?
This book is known for its clear and detailed exposition, balancing rigor with accessibility, making it
suitable for graduate students and those seeking a deep understanding of measure theory and
Lebesgue integration compared to other more abstract or terse texts.

Additional Resources
1. Measure and Integral: An Introduction to Real Analysis by Richard L. Wheeden and Antoni
Zygmund
This book offers a comprehensive introduction to measure theory and integration, focusing on the
Lebesgue measure and integral. It is designed for advanced undergraduates and beginning graduate
students in mathematics. The text balances theory with applications, providing numerous examples
and exercises to reinforce understanding.

2. Real Analysis: Modern Techniques and Their Applications by Gerald B. Folland
Folland’s text is a widely used graduate-level introduction to real analysis, emphasizing measure
theory, integration, and functional analysis. The book covers Lebesgue measure and integral
extensively and connects these concepts to probability and Fourier analysis. It is well-regarded for
its clarity and thoroughness.

3. Real and Complex Analysis by Walter Rudin
A classic in the field, Rudin’s book covers measure theory and integration in the context of both real
and complex analysis. The text is rigorous and concise, suitable for advanced undergraduates and
graduate students. It is known for its challenging exercises and elegant proofs.

4. Measure Theory and Integration by Michael E. Taylor
This book provides a detailed introduction to measure theory and integration, with a focus on
Lebesgue theory and its applications. Taylor develops the material carefully, making it accessible to
students with a solid background in analysis. The book also includes discussions on product
measures and differentiation.

5. An Introduction to Measure Theory by Terence Tao
Terence Tao’s text serves as an accessible introduction to measure theory, ideal for students
beginning graduate-level study. The book covers the construction of Lebesgue measure, integration,
and convergence theorems. Tao’s clear exposition and numerous examples help demystify complex
concepts.

6. Lebesgue Integration on Euclidean Space by Frank Jones
Jones provides a focused treatment of Lebesgue measure and integration in Euclidean spaces,
emphasizing intuition and geometric understanding. The book is suitable for advanced



undergraduates and beginning graduate students. It includes many examples and problems to
develop computational skills.

7. Real Analysis by H.L. Royden and P.M. Fitzpatrick
This textbook is a staple for undergraduate and graduate courses in real analysis, covering measure
theory, Lebesgue integration, and differentiation. Royden’s clear writing style and structured
approach make complex topics accessible. The book also explores applications to probability and
functional analysis.

8. Measure Theory by Paul R. Halmos
Halmos’s classic text offers a concise and elegant introduction to measure theory and integration.
Known for its clarity and directness, the book is ideal for students who already have some
background in analysis. It covers foundational topics and includes insightful historical remarks.

9. Introduction to Real Analysis by Robert G. Bartle and Donald R. Sherbert
While primarily a real analysis text, this book includes a thorough introduction to measure and
integration theory. It is well-suited for advanced undergraduates encountering Lebesgue integration
for the first time. The clear explanations and numerous exercises support gradual learning of
complex ideas.
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