EXAMPLE OF SIGMA ALGEBRA

ExXAMPLE OF SIGMA ALGEBRA PLAYS A PIVOTAL ROLE IN PROBABILITY THEORY AND MEASURE THEORY, PROVIDING THE
FOUNDATIONAL STRUCTURE FOR DEFINING EVENTS AND THEIR PROBABILITIES. UNDERSTANDING AN EXAMPLE OF SIGMA ALGEBRA IS
CRUCIAL FOR GRASPING HOW WE CAN RIGOROUSLY HANDLE ABSTRACT SPACES OF OUTCOMES AND THEIR ASSOCIATED
MEASURES. THIS ARTICLE WILL DELVE INTO WHAT CONSTITUTES A SIGMA ALGEBRA, EXPLORE KEY PROPERTIES, AND DISSECT
VARIOUS ILLUSTRATIVE EXAMPLES. WE WILL EXAMINE SIMPLE SETS, POWER SETS, AND MORE COMPLEX CONSTRUCTIONS,
DEMONSTRATING THE UNDERLYING PRINCIPLES THAT MAKE A COLLECTION OF SUBSETS A SIGMA ALGEBRA. By THE END, YOU WILL
HAVE A SOLID UNDERSTANDING OF THIS FUNDAMENTAL CONCEPT AND ITS PRACTICAL APPLICATIONS.

o WHAT IS A SIGMA ALGEBRA?
o Key PROPERTIES OF SIGMA ALGEBRAS

® |[LLUSTRATIVE EXAMPLES OF SIGMA ALGEBRAS

ExAMPLE 1: THE TRIVIAL SIGMA ALGEBRA
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o

ExaMPLE 2: THE POowEr SET SIGMA ALGEBRA

ExaMPLE 3: A SIMPLE SIGMA ALGEBRA ON A FINITE SET
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ExAaMPLE 4: SIGMA ALGEBRA OF INTERVALS ON THE REAL LINE

o

ExAMPLE 5: BOREL SIGMA ALGEBRA
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o \WHY ARE SIGMA ALGEBRAS IMPORTANT IN PROBABILITY?

o CONSTRUCTING SIGMA ALGEBRAS

UNDERSTANDING THE Core CONCEPT OF A SIGMA ALGEBRA

AT ITS HEART, A SIGMA ALGEBRA, OFTEN DENOTED BY THE GREEK LETTER $\MATHCAL{F}$ (or $\SIGMA$), IS A COLLECTION
OF SUBSETS OF A GIVEN SET $\OMEGA$. THIS COLLECTION IS NOT ARBITRARY; IT MUST SATISFY SPECIFIC AXIOMS THAT
ENSURE IT BEHAVES CONSISTENTLY WHEN WE CONSIDER EVENTS AND THEIR PROBABILITIES. THINK OF $\OMEGA$ AS THE SAMPLE
SPACE — THE SET OF ALL POSSIBLE OUTCOMES OF AN EXPERIMENT. THE SIGMA ALGEBRA THEN DEFINES WHICH OF THESE
OUTCOMES WE CAN MEANINGFULLY ASSIGN PROBABILITIES TO. W/ITHOUT THIS STRUCTURED FRAMEWORK, DEALING WITH INFINITE
SAMPLE SPACES OR COMPLEX CONDITIONAL PROBABILITIES WOULD BE MATHEMATICALLY INTRACTABLE.

THE REQUIREMENT FOR A COLLECTION OF SUBSETS TO BE A SIGMA ALGEBRA STEMS FROM THE NEED TO HANDLE OPERATIONS ON
EVENTS THAT ARE FUNDAMENTAL TO PROBABILITY THEORY. W/HEN WE TALK ABOUT EVENTS OCCURRING, WE ARE INTERESTED IN
THEIR COMPLEMENTS (\X/HEN THEY DON'T OCCUR) AND THEIR UNIONS (\X/HEN ONE EVENT OR ANOTHER OCCURS). IN PROBABILITY,
WE ALSO OFTEN CONSIDER INTERSECTIONS (\)(/HEN BOTH EVENTS OCCUR). A SIGMA ALGEBRA ENSURES THAT IF A SET OF
SUBSETS IS IN OUR COLLECTION, THEN THE RESULTS OF THESE COMMON SET OPERATIONS APPLIED TO THOSE SUBSETS ARE ALSO
WITHIN THE COLLECTION.

THIS STRUCTURE ALLOWS FOR THE CONSISTENT DEVELOPMENT OF PROBABILITY MEASURES. A PROBABILITY MEASURE, DENOTED
BY $P$, ASSIGNS A NON-NEGATIVE REAL NUMBER (THE PROBABILITY) TO EACH SET IN THE SIGMA ALGEBRA. THESE ASSIGNED
PROBABILITIES MUST ADHERE TO CERTAIN RULES, LIKE THE PROBABILITY OF THE ENTIRE SAMPLE SPACE BEING 1 AND THE
PROBABILITY OF THE UNION OF DISJOINT EVENTS BEING THE SUM OF THEIR INDIVIDUAL PROBABILITIES. THE SIGMA ALGEBRA IS THE



DOMAIN OVER WHICH THIS MEASURE IS DEFINED.

EsSENTIAL PROPERTIES DEFINING A SIGMA ALGEBRA

FOR A COLLECTION OF SUBSETS $\MATHCAL{F}$ OF A SET $\OMEGA$ TO BE CONSIDERED A SIGMA ALGEBRA, IT MUST SATISFY
THREE FUNDAMENTAL PROPERTIES. THESE AXIOMS ARE THE BEDROCK UPON WHICH ALL OF MEASURE THEORY AND MODERN
PROBABILITY THEORY ARE BUILT. UNDERSTANDING THESE PROPERTIES IS KEY TO IDENTIFYING WHETHER A GIVEN COLLECTION OF
SUBSETS QUALIFIES AS A SIGMA ALGEBRA.

AXxIOM 1: NON-EMPTINESS — THE EMPTY SET MusT BE INCLUDED

THE FIRST AXIOM STATES THAT THE EMPTY SET, DENOTED BY $\EMPTYSET$, MUST BE AN ELEMENT OF THE COLLECTION
$\MATHCAL{F}$. THIS MIGHT SEEM TRIVIAL, BUT IT’S A CRUCIAL STARTING POINT. THE EMPTY SET REPRESENTS AN IMPOSSIBLE
EVENT, AN EVENT THAT CANNOT OCCUR. [N PROBABILITY, THE PROBABILITY OF AN IMPOSSIBLE EVENT IS ALWAYS ZERO. |TS
INCLUSION ENSURES THAT OUR FRAMEWORK CAN HANDLE SITUATIONS WHERE NO OUTCOMES OCCUR, WHICH IS A VALID
SCENARIO.

AxioM 2: CLosURE UNDER COMPLEMENT — IF A SET IS IN $\MATHCAL{F}$, So Is ITs
COMPLEMENT

THE SECOND AXIOM IS ABOUT CLOSURE UNDER COMPLEMENTATION. IF ANY SUBSET $A$ IS IN THE SIGMA ALGEBRA
$\MATHCAL{F}$ (MeANING $A \suesETEQ \OMEGAS AND $A \IN \MATHCAL{F}$), THEN ITS COMPLEMENT WITH RESPECT TO
$\OMeGAS, DENOTED AS $A"C$ or $\OMEGA \SETMINUS A$, MUST ALSO BE IN $\MATHCAL{F}$. THE COMPLEMENT OF AN
EVENT IS THE EVENT THAT THE ORIGINAL EVENT DOES NOT HAPPEN. THIS AXIOM ENSURES THAT IF WE CAN MEASURE THE
PROBABILITY OF AN EVENT, WE CAN ALSO MEASURE THE PROBABILITY OF IT NOT HAPPENING.

For INSTANCE, IF $A% IS THE EVENT OF ROLLING AN EVEN NUMBER ON A DIE, $A"C$ IS THE EVENT OF ROLLING AN ODD NUMBER.
IF WE CAN ASSIGN A PROBABILITY TO ROLLING AN EVEN NUMBER, THIS AXIOM GUARANTEES WE CAN ALSO ASSIGN A PROBABILITY
TO ROLLING AN ODD NUMBER.

AxioM 3: CLosURE UNDER CoUNTABLE UNIONS — UNIONS oF COUNTABLE SEQUENCES
oF SETs MusT ALso Be IN $\MATHCAL{F}$

THE THIRD AND PERHAPS MOST POWERFUL AXIOM IS CLOSURE UNDER COUNTABLE UNIONS. |F WE HAVE A SEQUENCE OF SETS
$A_1,A_2,A_3, \poTs$ sucH THAT EACH $A_1 \IN \MATHCAL{F}$, THEN THEIR COUNTABLE UNION,

$\siccup_{I= 13 {\INFTY} A_1$, MUST ALSO BE IN $\MATHCAL{F}$. THIS PROPERTY IS WHAT DISTINGUISHES A SIGMA
ALGEBRA FROM A SIMPLER ALGEBRAIC STRUCTURE CALLED AN ALGEBRA (OR FIELD) OF SETS, WHICH ONLY REQUIRES CLOSURE
UNDER FINITE UNIONS.

THIS AXIOM IS ESSENTIAL FOR DEALING WITH EVENTS THAT CAN BE FORMED BY COMBINING AN INFINITE NUMBER OF SMALLER,
POTENTIALLY DISJOINT EVENTS. FOR EXAMPLE, IN A CONTINUOUS PROBABILITY SETTING, AN EVENT MIGHT BE THAT A RANDOM
VARIABLE FALLS WITHIN AN INFINITE SEQUENCE OF INTERVALS. THIS AXIOM ENSURES THAT SUCH COMPOUND EVENTS ARE ALSO
PART OF OUR MEASURABLE SPACE.

FROM THESE THREE AXIOMS, SEVERAL OTHER PROPERTIES CAN BE DERIVED. FOR INSTANCE, IF $\MATHCAL{F}$ IS A SIGMA
ALGEBRA, THEN IT MUST ALSO BE CLOSED UNDER COUNTABLE INTERSECTIONS. THIS CAN BE SHOWN USING DE MORGAN'S LAWS:
$(\sicecup_{I=13"{\INeTY} A_D"c = \Biccap_{I=13 {\iNeTY} A_1"c$. Since $\MATHCAL{F}$ IS CLOSED UNDER



COMPLEMENTS AND COUNTABLE UNIONS, IT'S ALSO CLOSED UNDER COUNTABLE INTERSECTIONS.

EXPLORING ILLUSTRATIVE EXAMPLES OF SIGMA ALGEBRAS

TO SOLIDIFY YOUR UNDERSTANDING, LET’'S EXAMINE SEVERAL COMMON EXAMPLES OF SIGMA ALGEBRAS. THESE EXAMPLES RANGE
FROM THE SIMPLEST POSSIBLE COLLECTIONS TO MORE INTRICATE ONES ENCOUNTERED IN ADVANCED PROBABILITY AND ANALYSIS.

ExAMPLE 1: THE TRIVIAL SIGMA ALGEBRA

LET $\OMEGAS BE ANY NON-EMPTY SET. THE SIMPLEST POSSIBLE SIGMA ALGEBRA ON $\OMEGA$ IS THE COLLECTION
CONTAINING ONLY THE EMPTY SET AND THE ENTIRE SET $\OMEGA$ ITSELF. THIS COLLECTION IS DENOTED AS $\MATHCAL{F} O
= \{\empTvseT, \OMeGA\}$.

LET’s VERIFY IF $\MATHCAL{F} 0% SATISFIES THE AXIOMS:

o Axiom 1: $\empTYSET \IN \MATHCAL{F} 0%. THIS IS SATISFIED BY DEFINITION.

o Axiom 2: IF $A \INn \MATHCAL{F} 0%, THeN $Ac \IN \MaTHCAL{F}_O%.

o Ir $A = \eMpTYSETS, THEN $A"C = \OMEGAS. SINCE $\OMEGA \IN \MATHCAL{F} 0%, THIS HOLDS.
o IF $A = \OMeGA$, THEN $A"C = \eMpTYSETS. SINCE $\eMPTYSET \IN \MATHCAL{F}_0$%, THIS ALSO HOLDS.
o AxioMm 3:IF$A_1, A_2,\poTs$ IS A SEQUENCE oF SETS IN $\MATHCAL{F} 0%, THen $\siccup_ {I= 13 {\iNFTY}
A_1\IN\MATHCAL{F} 0%.
o THE ONLY POSSIBLE SETS IN THE SEQUENCE ARE $\EMPTYSET$ AND $\OMEGAS.

o IFALL $A 1 = \empTYsET$, THEN $\BIGcur_{I= T3 {\iNFTY} A_1 = \eMpTYseT \IN \MATHCAL{F} 0%.

o IF AT LEAST ONE $A_k = \OMEGA$ FOr soME $k$, THEN $\eiccup_{1I= 13" {\iINeTY} A_1 = \Omeca \IN
\mMaTHCAL{F} O%.

THererore, $\MATHCAL{F}_0 = \{\empTYseT, \OMEGA\}$ IS INDEED A SIGMA ALGEBRA. THIS SIGMA ALGEBRA IS OFTEN
CALLED THE TRIVIAL SIGMA ALGEBRA. |T REPRESENTS A SITUATION WHERE WE CAN ONLY MEASURE THE PROBABILITY OF THE
IMPOSSIBLE EVENT (ZERO PROBABILITY) AND THE SURE EVENT (PROBABILITY ONE).

ExAMPLE 2: THE POWER SET SIGMA ALGEBRA

For ANY SET $\OMEGA$, THE POWER SET OF $\OMEGA$, DENOTED BY $\MATHCAL{P}(\OMEGA)$, IS THE SET OF ALL
POSSIBLE SUBSETS OF $\OMEGAS. IF $\OMEGAS IS FINITE, SAY $\OMeGA = \{x_1, x_2, \poTs, x_N\1}$, THEN
$\MATHCAL{P}(\OMEGA)$ cONTAINS $27N$ SUBSETS. IF $\OMEGA$ IS INFINITE, THE POWER SET IS ALSO INFINITE AND MUCH
LARGER THAN $\OMEGA$ ITSELF.

Consiper $\MATHCAL{F} = \MATHCAL{P}(\OMEGA)$. LET'S CHECK THE AXIOMS:



o AxioM 1: $\empTvYseT \sueseTeQ \OMeGA$, sO $\eMPTYSET \IN \MATHCAL{P}(\OMEGA)$. SATISFIED.

o Axiom 2: IF $A \IN \MATHCAL{P}(\OMEGA)$, THEN $A$ IS A SUBSET OF $\OMEGAS. ITS COMPLEMENT, $A"C =
\OMeGA \SETMINUS A$, IS ALSO A SUBSET OF $\OMEGAS, AND THEREFORE $A"C \IN \MATHCAL{P}(\OMEGA)$.
SATISFIED.

o Axiom 3: IF$A_1, A_2,\poTs$ ARre SETS IN $\MATHCAL{P}(\OMEGA)$, THEN EACH $A I \SUBSETEQ \OMEGAS.
THer UNION, $\eicup_{1I= 13 {\INFTY} A_1$, 1S ALSO A susseT ofF $\OMeca$, so $\eiccup_{I= 131 {\INFTY} A_I
\IN \MATHCAL{P}(\OMEGA)$. SATISFIED.

THus, THE POWER SET $\MATHCAL{P}(\OMEGA)$ IS ALWAYS A SIGMA ALGEBRA ON $\OMEGA$. THIS IS THE LARGEST
POSSIBLE SIGMA ALGEBRA ON $\OMEGAS$. |T ALLOWS US TO ASSIGN PROBABILITIES TO EVERY SINGLE SUBSET OF $\OMEGAS. IN
PROBABILITY, THIS IS OFTEN THE SIGMA ALGEBRA USED FOR FINITE SAMPLE SPACES, WHERE EVERY SPECIFIC OUTCOME AND
COMBINATION OF OUTCOMES CAN BE DIRECTLY CONSIDERED AS AN EVENT.

ExAMPLE 3: A SIMPLE SIGMA ALGEBRA ON A FINITE SET

LET’S CONSIDER A FINITE SAMPLE SPACE $\OMEGA = \{A, B, C\}$. WE WANT TO CONSTRUCT A SIGMA ALGEBRA
$\MATHCAL{F}$ THAT IS LARGER THAN THE TRIVIAL ONE BUT SMALLER THAN THE POWER SET.

THe PowER SET oF $\OMeGAS 1S $\MATHCAL{P}(\OMeGA) = \{\empTvseT, \{A\}, \{&\}, \{c\}, \{A B\}, \{A,c\}, \{g,c\}
\{aB,c\}\Js.

1

LeT’s propPosSE A coLLECTION $\MATHCAL{F} = \{\empTyseT, \OMeGaA, \{A\}, \{&,c\}\}$. LET'S CHECK THE AXIOMS:

e AxioM 1: $\empTYseT \IN \MATHCAL{F}$. SATISFIED.

o AxioM 2: CLOSURE UNDER COMPLEMENT.

[¢]

$\empTYSET C = \OMEGAS. $\OMEGA \IN \MATHCAL{F}$.

[¢]

$\OMeGA”c = \eMPTYSETS. $\eMPTYSET \IN \MATHCAL{F}$.
$\{a\}"c = \{g,c\}$. $\{B,c\} \INn \MATHCAL{F}$.

$\{g,c\}"c = \{a\}$. $\{A\} \IN \MATHCAL{F}$.

[¢]

[¢]

o AxioM 3: CLOSURE UNDER COUNTABLE UNIONS.

o \WE NEED TO CHECK UNIONS OF ANY NUMBER OF SETS IN $\MATHCAL{F}$.

o $\empTyseT \cup \{a\} = \{a\} \in \MATHCAL{F}$.

o $\empTvseT \cup \{g,c\} = \{g,c\} \In \MaTHCAL{F}$.

o $\{a\} \cur \{g,c\} = \{Aa5,c\} = \Omeca \IN \MATHCAL{F}$.

o ANY OTHER UNION INVOLVING $\OMEGA$ WILL RESULT IN $\OMEGAS.

o THE UNION OF AN INFINITE SEQUENCE WHERE SETS ARE ONLY FRoM $\{\empTvseT, \{a\}, \{&,c\}, \OMecA\}$

WILL ALSO BE ONE OF THESE SETS. FOR INSTANCE, IF WE TAKE $\{A\}$ rePEATEDLY, THE UNION IS $\{A\}$. IF
we TAKE $\{A\}$ AnD THEN $\{B,c\}$, THE UNION IS $\OMEGAS.



THis coLLecTioN $\MATHCAL{F} = \{\eMpTvseT, \OMeGA, \{A\}, \{&,c\}\}$ Is A VALID SiGMA ALGEBRA ON $\OMEGA =
\{A, B, c\}$. IT REPRESENTS A SCENARIO WHERE WE CAN DISTINGUISH EVENT $\{A\}$ From THE EVenT $\{B,c\}$, BUT WE
CANNOT DISTINGUISH BETWEEN $8% AND $C$ INDIVIDUALLY IF THEY OCCUR TOGETHER.

ExAMPLE 4: SIGMA ALGEBRA OF INTERVALS ON THE REAL LINE

LeT $\OMeGA = \MATHBB{R}$, THE SET OF ALL REAL NUMBERS. A COMMON SIGMA ALGEBRA ON $\MATHBB{R}$ IS THE
COLLECTION OF ALL INTERVALS (INCLUDING OPEN, CLOSED, HALF-OPEN, AND INFINITE INTERVALS). HOWEVER, THE COLLECTION
OF ALL INTERVALS IS NOT A SIGMA ALGEBRA BECAUSE IT'S NOT CLOSED UNDER COUNTABLE UNIONS. FOR EXAMPLE, THE UNION
ofF INTERVALS $(0, 1)$, $(1, 2)3$, $(2, 3)%, ... 1s THE seT $(0, \ineTv) \seTminus \{ 1, 2, 3, \poTs\}$, WHICH Is NOT
ITSELF AN INTERVAL.

THE SIGMA ALGEBRA GENERATED BY ALL INTERVALS IS MUCH MORE COMPLEX. A MORE MANAGEABLE SIGMA ALGEBRA DEFINED ON
$\MATHEB{R}$ IS THE SIGMA ALGEBRA GENERATED BY HALF-OPEN INTERVALS OF THE FORM $[A, B)$, WHERE $A, & \IN
\MaTHEB{R}$ AND $A < BS. LET $\MATHCAL{I}$ BE THE SET OF ALL SUCH HALF-OPEN INTERVALS. THE SIGMA ALGEBRA
GENERATED BY $\MATHCAL{I}$, oFTEN DENOTED $\sIGMA(\MATHCAL{I})$, IS THE SMALLEST SIGMA ALGEBRA CONTAINING ALL
seTs IN $\MATHCAL{I]S.

[T TURNS OUT THAT THE SIGMA ALGEBRA GENERATED BY ALL HALF-OPEN INTERVALS $[A, B)$ IS EQUIVALENT TO THE BOREL
SIGMA ALGEBRA (DISCUSSED NEXT), WHICH INCLUDES ALL SETS THAT CAN BE FORMED BY TAKING COUNTABLE UNIONS,
INTERSECTIONS, AND COMPLEMENTS OF INTERVALS.

MORE PRECISELY, IF WE CONSIDER THE SET OF ALL INTERVALS OF THE FORM $(A, \INFTY)$ FOrR $A \IN \MATHBB{R]}$. LET
$\MATHCAL{S = \{(A, \INFTY) \MID A \IN \MATHBB{R}\}$. THE SIGMA ALGEBRA GENERATED BY $\MATHCAL{J}$, DENOTED
$\sicMA(\MATHCAL{J})$, CONTAINS SETS LIKE UNIONS OF DISJOINT INTERVALS, FINITE INTERSECTIONS OF COMPLEMENTS OF
THESE INTERVALS, AND SO ON.

For INsTANCE, $\sicMA(\MATHCAL{J})$ WILL CONTAIN:

$\empTYSET$ (coMPLEMENT OF $\MATHBB{R} = (-\INFTY, \INFTY)$ WHICH IS THE UNION OF ALL $(A, \INFTY)$).

$\MaTHEB{R}$ (UNION OF ALL $(A, \INFTY)$).

$(-\INFTY, A)$ (coMPLEMENT OF $(A, \INFTY)$).

$(A, 8) = (A, \INFTY) \cap (-\INFTY, B)$ (INTERSECTION OF TwO SETS IN $\sIGMA(\MATHCAL{J})$).

$[A, 8)$ (CAN BE CONSTRUCTED USING LIMITS OF INTERVALS, E.G., $[A, B) = \BIccAP_{N=T}"{\iNeTv} (A - 1/N, B)$).

THIS ILLUSTRATES HOW A MORE COMPLEX SIGMA ALGEBRA CAN BE BUILT FROM A SIMPLER GENERATING SET OF INTERVALS.

ExAMPLE 5: THE BOREL SIGMA ALGEBRA

THe BorEeL SIGMA ALGEBRA ON $\MATHBE{R}$, DENOTED $\MATHCAL{B}(\MATHBE{R})$, IS ONE OF THE MOST IMPORTANT
SIGMA ALGEBRAS IN PROBABILITY AND ANALYSIS. |T IS DEFINED AS THE SMALLEST SIGMA ALGEBRA THAT CONTAINS ALL THE
OPEN SETS OF $\MATHBB{R}$ (WITH THE USUAL TOPOLOGY ). EQUIVALENTLY, IT IS THE SMALLEST SIGMA ALGEBRA
CONTAINING ALL THE CLOSED SETS, OR ALL THE HALF-OPEN INTERVALS $[A, B)$, OR ALL THE OPEN INTERVALS $(A, B)$.

THE CONSTRUCTION OF THE BOREL SIGMA ALGEBRA ENSURES THAT WE CAN MEASURE PROBABILITIES FOR A VAST ARRAY OF



SETS, INCLUDING INTERVALS, UNIONS OF INTERVALS, COMPLEMENTS OF INTERVALS, AND MORE COMPLEX SETS THAT ARISE FROM
ITERATING THESE OPERATIONS COUNTABLY. FOR EXAMPLE, CANTOR SETS, FAT CANTOR SETS, AND SETS DEFINED BY
CONVERGENCE OF SEQUENCES ARE TYPICALLY MEMBERS OF THE BOREL SIGMA ALGEBRA.

A KEY PROPERTY IS THAT ANY CONTINUOUS FUNCTION $F: \MATHBB{R} \To \MATHBR{R}$ MAPS BOREL SETS TO BOREL SETS.
THis Means IF $A \IN \MATHCAL{B}(\MATHBE{R})$, THEN $F"{- 13(A) \INn \MATHCAL{B}(\MATHBE{R})$. THIS IS CRUCIAL
FOR TRANSFORMING PROBABILITY DISTRIBUTIONS.

THe BOREL SIGMA ALGEBRA CAN ALSO BE CONSTRUCTED ON ANY TOPOLOGICAL SPACE, NOT JUST $\MATHBE{R}$. FOR A
GENERAL TOPOLOGICAL SPACE $(X, \TAU)$, WHERE $\TAU$ IS THE TOPOLOGY (THE COLLECTION OF OPEN SETS), THE BOREL
SIGMA ALGEBRA $\MATHCAL{B}(X)$ IS THE SMALLEST SIGMA ALGEBRA CONTAINING $\TAU$. THIS ALLOWS US TO DEFINE
PROBABILITY MEASURES ON ABSTRACT SPACES BEYOND THE FAMILIAR REAL NUMBERS.

WHY SIGMA ALGEBRAS ARE INDISPENSABLE IN PROBABILITY THEORY

THE FORMAL DEFINITION OF PROBABILITY, AS ESTABLISHED BY ANDREY KOLMOGOROV, RELIES FUNDAMENTALLY ON THE CONCEPT
OF A SIGMA ALGEBRA. THIS FRAMEWORK PROVIDES THE NECESSARY RIGOR TO HANDLE SITUATIONS THAT GO BEYOND SIMPLE
COIN FLIPS OR DICE ROLLS. WITHOUT SIGMA ALGEBRAS, WE WOULD BE UNABLE TO CONSTRUCT WELL-DEFINED PROBABILITY
MEASURES FOR CONTINUOUS RANDOM VARIABLES OR FOR COMPLEX STOCHASTIC PROCESSES.

ONE OF THE PRIMARY REASONS FOR THEIR IMPORTANCE IS THE ABILITY TO DEFINE PROBABILITIES FOR EVENTS THAT ARE NOT
DIRECTLY OBSERVABLE AS SINGLE OUTCOMES BUT ARE RATHER COMBINATIONS OF OUTCOMES. FOR INSTANCE, WHEN DEALING
WITH A CONTINUOUS RANDOM VARIABLE $X$, THE EVENT “$X$ LIES BETWEEN $A% AND $8%" IS REPRESENTED BY THE INTERVAL
$(A, B)$ OR $[A, B]$. THE SIGMA ALGEBRA MUST CONTAIN THESE INTERVALS (OR SETS GENERATED FROM THEM) TO ALLOW US
To cALCULATE $P(a \LE X \LE B)S.

FURTHERMORE, SIGMA ALGEBRAS ARE ESSENTIAL FOR DEFINING CONDITIONAL PROBABILITY. THE DEFINITION oF $P(A[B)$
INVOLVES THE INTERSECTION $A \CAP B$. IF WE WANT TO DEFINE CONDITIONAL EXPECTATION OF A RANDOM VARIABLE $X$
GIVEN ANOTHER RANDOM VARIABLE $Y'$, THIS IS FORMULATED IN TERMS OF SIGMA ALGEBRAS. SPECIFICALLY, THE INFORMATION
PROVIDED BY $Y'$ IS CAPTURED BY THE SIGMA ALGEBRA GENERATED BY $Y$, DENOTED $\SIGMA(Y )$. THE CONDITIONAL
exPECTATION $E[X|\sIGMA(Y)]$ IS A RANDOM VARIABLE THAT IS “MEASURABLE WITH RESPECT TO” $\sIGMA(Y)$, MEANING
ITS VALUE IS DETERMINED BY THE INFORMATION AVAILABLE IN $Y$. THIS CONCEPT IS FOUNDATIONAL FOR UNDERSTANDING
CONCEPTS LIKE MARTINGALES AND BAYESIAN INFERENCE.

IN ESSENCE, A SIGMA ALGEBRA DEFINES WHAT EVENTS ARE “MEASURABLE.” |F A SUBSET OF THE SAMPLE SPACE IS NOT IN THE
SIGMA ALGEBRA, WE CANNOT ASSIGN A PROBABILITY TO IT IN A CONSISTENT WAY WITHIN THAT PARTICULAR PROBABILITY
SPACE. THIS ENSURES THAT THE PROBABILITY MEASURE WE DEFINE IS WELL-BEHAVED AND SATISFIES THE FUNDAMENTAL AXIOMS
OF PROBABILITY.

MeTHODS FOR CONSTRUCTING SIGMA ALGEBRAS

W/HILE WE HAVE SEEN EXAMPLES OF SIGMA ALGEBRAS, IT'S ALSO IMPORTANT TO UNDERSTAND HOW NEW ONES CAN BE
CONSTRUCTED FROM EXISTING SETS OR COLLECTIONS OF SETS. |HESE CONSTRUCTION METHODS ARE VITAL FOR BUILDING THE
APPROPRIATE SIGMA ALGEBRA FOR A GIVEN PROBLEM.

THE SIGMA ALGEBRA GENERATED BY A COLLECTION OF SETS

GIVEN ANY COLLECTION OF SUBSETS $\MATHCAL{C}$ OF $\OMEGA$, THERE EXISTS A SMALLEST SIGMA ALGEBRA
$\MATHCAL{F}$ sucH THAT $\MATHCAL{C} \sueseTEQ \MATHCAL{F}$. THIS SMALLEST SIGMA ALGEBRA IS CALLED THE



SIGMA ALGEBRA GENERATED BY $\MATHCAL{C}$, enoTeD Y $\sicMA(\MATHCAL{CD)S.

THe consTRUCTION OF $\sIGMA(\MATHCAL{C})$ INvOLVES TAKING $\MATHCAL{C}$, AND THEN REPEATEDLY APPLYING THE
OPERATIONS OF COMPLEMENTATION AND COUNTABLE UNION UNTIL THE COLLECTION IS CLOSED UNDER THESE OPERATIONS AND
INCLUDES THE EMPTY SET AND $\OMEGA$. THIS PROCESS ALWAYS CONVERGES TO A UNIQUE SMALLEST SIGMA ALGEBRA
CONTAINING $\MATHCAL{C}$.

FOR INSTANCE, AS MENTIONED WITH THE BOREL SIGMA ALGEBRA, IT IS GENERATED BY THE COLLECTION OF ALL OPEN SETS IN
$\MATHBB{R}$. IT CAN ALSO BE GENERATED BY THE COLLECTION OF ALL INTERVALS OF THE FORM $(A, \INFTY)$, OR BY THE
COLLECTION OF ALL HALF-OPEN INTERVALS $[A, B)$.

UsING OPERATIONS TO EXTEND SIGMA ALGEBRAS

IF $\MATHCAL{F}$ Is A SIGMA ALGEBRA ON $\OMEGA$, AND WE HAVE ANOTHER SET $\OMEGA'$, WE CAN CONSTRUCT SIGMA
ALGEBRAS ON THE PRODUCT SPACE $\OMEGA \TIMES \OMEGA'$. THE PRODUCT SIGMA ALGEBRA $\MATHCAL{F} \oTIMES
\MATHCAL{F}'$ IS THE SMALLEST SIGMA ALGEBRA ON $\OMEGA \TIMES \OMEGA'$ CONTAINING ALL SETS OF THE FORM $A
\TiMes B$, wHeEre $A \IN \MATHCAL{F}$ AND $B \IN \MATHCAL{F}'$. THIS IS CRUCIAL FOR DEFINING PROBABILITY MEASURES
ON PAIRS OR SEQUENCES OF RANDOM EXPERIMENTS.

ANOTHER IMPORTANT CONSTRUCTION INVOLVES MAPPINGS. IF $\OMEGA_ 1% AND $\OMEGA_2$ ARE SETS, AND $F: \OMEGA _]
\To \OMEGA_ 2% 1s A FUNCTION, AND $\MATHCAL{F}_2% IS A SIGMA ALGEBRA ON $\OMEGA_ 2%, THEN THE PRE-IMAGE SIGMA
ALGEBRA ON $\OMEGA_ 1% 1S DEFINED AS $F"{- 13(\MATHCAL{F} 2) = \{F*{-13(A) \MiD A \iINn \MATHCAL{F} 2\}$. THIiS
$r{-13(\MATHCAL{F} 2)% IS THE LARGEST SIGMA ALGEBRA ON $\OMEGA_ 1% SUCH THAT $F$ IS MEASURABLE WITH
ResPeCT TO $F™{-13(\MATHCAL{F}_2)$ AnD $\MATHCAL{F} 2%. ConVERSELY, IF $\MATHCAL{F} 1% IS A SIGMA ALGEBRA
oN $\OMecA_ 1%, THEN $F(\MATHCAL{F} 1) = \{F(A) \MiD A \in \MATHCAL{F} 1\}$ IS NOT NECESSARILY A SIGMA
ALGEBRA ON $\OMEGA_2$, BUT IT IS THE SIGMA ALGEBRA GENERATED BY THE IMAGES OF SETS IN $\MATHCAL{F} 1%, DENOTED
$\sicMA(F(\MATHCAL{F} 1))$. THIS IS THE SMALLEST SIGMA ALGEBRA ON $\OMEGA 2% SUCH THAT $F$ IS MEASURABLE.

ADDITIONAL RESOURCES

HERE ARE @ BOOK TITLES RELATED TO SIGMA ALGEBRAS, FOLLOWING YOUR SPECIFIED FORMATTING:

1. INTRODUCTION TO MEASURE AND INTEGRA TION

THIS FOUNDATIONAL TEXT LIKELY COVERS THE CONSTRUCTION OF SIGMA ALGEBRAS AS A PREREQUISITE FOR DEFINING
MEASURES. |T WOULD EXPLAIN HOW SIGMA ALGEBRAS PROVIDE THE FRAMEWORK FOR MEASURABLE SETS, WHICH ARE ESSENTIAL
FOR INTEGRATION THEORY. THE BOOK WOULD GUIDE READERS THROUGH THE PROCESS OF BUILDING COMPLEX MEASURABLE
SPACES FROM SIMPLER ONES.

2. PROBABILITY: THEORY AND EXAMPLES

THIS BOOK WOULD SHOWCASE SIGMA ALGEBRAS AS THE BEDROCK OF MODERN PROBABILITY THEORY. |T WOULD ILLUSTRATE
HOW SIGMA ALGEBRAS DEFINE THE EVENTS WITHIN A PROBABILITY SPACE, ALLOWING FOR THE RIGOROUS DEFINITION OF
PROBABILITIES. READERS WOULD SEE HOW THESE ALGEBRAS DICTATE WHAT OUTCOMES CAN BE MEANINGFULLY ASSIGNED A
PROBABILITY.

3. A FirsT COURSE IN ABSTRACT MEASURE THEORY

DEDICATED TO THE ABSTRACT DEVELOPMENT OF MEASURE THEORY, THIS TITLE WOULD DELVE DEEPLY INTO THE PROPERTIES AND
CONSTRUCTIONS OF SIGMA ALGEBRAS. |IT WOULD LIKELY EXPLORE VARIOUS TYPES OF SIGMA ALGEBRAS, SUCH AS BOREL SIGMA
ALGEBRAS AND GENERATED SIGMA ALGEBRAS, AND THEIR SIGNIFICANCE. THE BOOK WOULD EMPHASIZE THE AXIOMATIC APPROACH
TO MEASURE AND INTEGRATION BUILT UPON THESE ALGEBRAIC STRUCTURES.

4. REAL ANALYSIS: MODERN TECHNIQUES AND APPLICATIONS

\W/ITHIN THE CONTEXT OF REAL ANALYSIS, THIS BOOK WOULD LIKELY PRESENT SIGMA ALGEBRAS AS CRUCIAL TOOLS FOR
UNDERSTANDING FUNCTION SPACES AND ADVANCED INTEGRATION TECHNIQUES. |T WOULD EXPLAIN HOW SIGMA ALGEBRAS ENABLE
THE DEFINITION OF LEBESGUE MEASURE AND ITS EXTENSIONS TO MORE COMPLEX SETS. THE BOOK WOULD DEMONSTRATE THEIR



ROLE IN ANALYZING CONVERGENCE AND PROPERTIES OF FUNCTIONS.

5. FOUNDATIONS OF STOCHASTIC PROCESSES

THIS TEXT WOULD UNDOUBTEDLY HIGHLIGHT THE ROLE OF SIGMA ALGEBRAS IN DEFINING THE TEMPORAL EVOLUTION OF RANDOM
PHENOMENA. |T WOULD EXPLAIN HOW FILTRATION, A SEQUENCE OF NESTED SIGMA ALGEBRAS, MODELS THE INCREASING
AVAILABILITY OF INFORMATION IN STOCHASTIC PROCESSES. READERS WOULD UNDERSTAND HOW THESE ALGEBRAS GOVERN THE
PREDICTION AND ANALYSIS OF RANDOM PATHWAYS OVER TIME.

6. MEASURE AND PROBABILITY THEORY

THIS COMPREHENSIVE VOLUME WOULD OFFER A THOROUGH TREATMENT OF BOTH MEASURE AND PROBABILITY THEORY, WITH
SIGMA ALGEBRAS AT THE FOREFRONT. |T WOULD DETAIL THEIR CONSTRUCTION FROM BASIC SETS AND EXPLORE THEIR CLOSURE
PROPERTIES UNDER COUNTABLE OPERATIONS. THE BOOK WOULD BRIDGE THE GAP BETWEEN ABSTRACT MEASURE THEORY AND ITS
DIRECT APPLICATIONS IN PROBABILITY.

7. SET THEORY: AN INTRODUCTION

W/HILE NOT EXCLUSIVELY ABOUT SIGMA ALGEBRAS, THIS BOOK WOULD LIKELY INTRODUCE THE FUNDAMENTAL CONCEPTS OF
SETS AND OPERATIONS THAT UNDERPIN THEIR DEFINITION. |T WOULD EXPLAIN THE IMPORTANCE OF CLOSURE UNDER COUNTABLE
UNIONS, INTERSECTIONS, AND COMPLEMENTATION. UNDERSTANDING THESE BASIC SET-THEORETIC BUILDING BLOCKS IS ESSENTIAL
FOR GRASPING THE NATURE OF SIGMA ALGEBRAS.

8. FUNCTIONAL ANALYSIS: AN INTRODUCTION TO METRIC SPACES AND HILBERT SPACES

IN THE REALM OF FUNCTIONAL ANALYSIS, SIGMA ALGEBRAS PLAY A ROLE IN DEFINING MEASURABLE FUNCTIONS AND SPACES OF
FUNCTIONS. THIS BOOK MIGHT TOUCH UPON HOW SIGMA ALGEBRAS ARE USED TO DEFINE LEBESGUE SPACES AND THEIR
PROPERTIES. |T WOULD ILLUSTRATE THEIR IMPORTANCE IN THE ANALYTICAL STUDY OF MATHEMATICAL STRUCTURES.

Q. STOCHASTIC INTEGRATION AND APPLICATIONS

THIS ADVANCED TEXT WOULD HEAVILY RELY ON THE CONCEPT OF SIGMA ALGEBRAS AND FILTRATIONS TO DEFINE STOCHASTIC
INTEGRALS, SUCH AS THE |T INTEGRAL. |T WOULD EXPLAIN HOW THE SIGMA ALGEBRA AT EACH POINT IN TIME DICTATES THE
PREDICTABILITY OF THE INTEGRAND. THE BOOK WOULD SHOWCASE THEIR CRITICAL ROLE IN MODELING FINANCIAL MARKETS AND
PHYSICAL PHENOMENA.
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