differential forms in algebraic topology

The exploration of differential forms in algebraic topology offers a profound bridge
between the geometric and the combinatorial, unveiling deep connections between
smooth manifolds and their topological invariants. This article delves into the fundamental
concepts of differential forms, their algebraic structure, and their pivotal role in algebraic
topology, particularly through de Rham cohomology. We will unravel how these elegant
mathematical objects, from exterior derivatives to wedge products, provide powerful tools
for understanding the global properties of spaces, including their holes and connectivity.
Prepare to discover how calculus on manifolds manifests in powerful algebraic invariants,
illuminating the intricate landscape of topological spaces.
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Introduction to Differential Forms

Differential forms are fundamental objects in differential geometry and a crucial tool in
algebraic topology. They generalize the concept of a function, a vector field, and a
differential one-form (like \(f\, dx\)) to higher degrees. Essentially, a differential k-form
assigns a real number to every oriented k-dimensional subspace of the tangent space at
each point on a manifold. This construction allows us to integrate geometric quantities
over submanifolds and, more importantly, to define algebraic invariants that capture the
topological structure of the underlying space. The power of differential forms lies in their
algebraic structure and the elegant calculus associated with them, particularly the
exterior derivative.



Understanding the Basics of Differential Forms

At its core, a differential form is a smooth assignment of a multilinear alternating form on
the tangent space of a smooth manifold. Let \(M\) be a smooth manifold. For each point \(p
\in M\), the tangent space at \(p\) is denoted by \(T p M\). A k-form on \(M\) is a smooth
assignment of a k-linear alternating map on \(T p M)) for every \(p \in M\). The set of all
smooth k-forms on \(M\) forms a module over the ring of smooth functions on \(M\),
denoted \(\Omega”~k(M)\). The space of all differential forms on \(M\) is the direct sum
\(\Omega”~ (M) = \bigoplus {k=0}"\infty \Omega~k(M)\).

What is a k-form?

A k-form \(\alpha\) at a point \(p\) is a function \(\alpha(p): T p M \times \dots \times T p M
\to \mathbb{R}\) (with k copies of \(T p M\)) that is multilinear and alternating.
Multilinear means that for each \(i\), \(\alpha(p)(v_1, \dots, v i, \dots, v_k)\) is linear in
\(v_i\) when other variables are held fixed. Alternating means that if any two arguments
are swapped, the sign of the output is flipped: \(\alpha(p)(v_1, \dots, v i, \dots, v _j, \dots,
v_k) = -\alpha(p)(v_1, \dots, v j, \dots, v i, \dots, v_k)\) for \(i \neq j\). A smooth k-form is a
k-form such that this assignment varies smoothly with \(p\).

The Exterior Algebra

Differential forms naturally form an exterior algebra. This means they are equipped with
two primary operations: addition (pointwise) and the wedge product (or exterior product).
The wedge product, denoted by \(\wedge)), is a bilinear operation that takes a p-form and
a g-form to a (p+q)-form. It is characterized by its anticommutativity in a specific sense:
\(\alpha \wedge \beta = (-1)"~{pq} \beta \wedge \alpha\) for a p-form \(\alpha\) and a g-
form \(\beta\). This algebraic structure is crucial for building the de Rham complex.

Basis and Local Coordinates

In local coordinates \((x™ 1, \dots, x™n)\) on an open set \(U \subset M\), a basis for
\(\Omega~k(U)\) is given by the wedge products of the coordinate differentials: \(dx™{i 1}
\wedge dx”{i 2} \wedge \dots \wedge dx™{i k}\), where \(1\lei 1 <i 2 <\dots <i k\le
n\). Any k-form \(\alpha\) on \(U\) can be uniquely written as a finite sum: \(\alpha =
\sum {i 1 <\dots <i k} f {i 1\dotsi k} dx™{i 1} \wedge \dots \wedge dx™{i k}\),
where \(f {i 1 \dotsi k}\) are smooth functions on \(U\). The degree of a form is the
number of differential factors in its wedge product basis element.



Key Operations on Differential Forms

The calculus of differential forms is governed by a few fundamental operations that are
essential for their use in topology. These operations provide the machinery for
constructing invariants and relating different types of forms.

The Exterior Derivative

The exterior derivative, denoted by \(d\), is perhaps the most important operation. It maps
a k-form to a (k+1)-form. For a O-form (a smooth function \(f\)), \(df\) is the familiar total
differential. For a k-form \(\alpha \in \Omega~k(M)\), \(d\alpha\) is defined via its action on
tangent vectors. If \(\alpha = \sum f {i 1 \dotsi k} dx~{i 1} \wedge \dots \wedge

dx~{i k}\) in local coordinates, then

\(d\alpha = \sum {j=1}"n \frac{\partial f {i 1 \dotsi k}}{\partial x~j} dx”j \wedge
dx”~{i 1} \wedge \dots \wedge dx"™{i k}\)

A key property of the exterior derivative is that \(d(d\alpha) = d”~2\alpha = 0\) for any
differential form \(\alpha\). This property is universally true and independent of the
manifold's specific geometry, making it a powerful topological invariant.

Wedge Product

The wedge product, as mentioned earlier, is bilinear and anticommutative. It allows us to
combine differential forms of lower degrees to create forms of higher degrees.
Specifically, if \(\alpha \in \Omega~p(M)\) and \(\beta \in \Omega~q(M)\), then \(\alpha
\wedge \beta \in \Omega”™ {p+q}(M)\). The anticommutativity \(\alpha \wedge \beta =
(-1)~{pg} \beta \wedge \alpha\) is central to its structure. This product equips the graded
algebra of differential forms with a richer algebraic structure.

Pullback of Forms

Given a smooth map \(f: M \to N\) between smooth manifolds, there is a corresponding
pullback operation \(f"*\) that maps differential forms on \(N\) to differential forms on
\(M\). For a k-form \(\beta \in \Omega~k(N)\), \(f~\beta)) is a k-form on \(M\). Locally, if
\(f\) and \(\beta\) are expressed in appropriate coordinates, \(f"~\beta\) can be computed by
substituting the coordinate expressions for \(f\) into \(\beta\). A crucial property is that the
pullback commutes with the exterior derivative: \(f~ (d\beta) = d(f~\beta)\). This property
is fundamental for relating the differential forms on different spaces via maps between
them.



Differential Forms and de Rham Cohomology

The most profound connection between differential forms and algebraic topology is
established through de Rham cohomology. This cohomology theory uses the calculus of
differential forms to define algebraic invariants of a manifold that are purely topological in
nature.

Closed and Exact Forms

A differential k-form \(\alpha)) is called closed if its exterior derivative is zero: \(d\alpha =
0\). A differential k-form \(\alpha)) is called exact if it is the exterior derivative of some
(k-1)-form: \(\alpha = d\beta\) for some \(\beta \in \Omega” {k-1}(M)\). From the property
\(d™2 = 0\), it is clear that every exact form is necessarily closed. However, the converse
is not always true; a closed form is not always exact. The difference between closed and
exact forms is precisely what de Rham cohomology measures.

Cycles and Boundaries

In the context of de Rham cohomology, closed forms are analogous to cycles in algebraic
topology, and exact forms are analogous to boundaries. The set of closed k-forms forms a
vector space, denoted \(Z"k(M)\). The set of exact k-forms also forms a vector space,
denoted \(B"~k(M)\). Since every exact form is closed, \(B"~ k(M) \subseteq Z~k(M)\). The k-
th de Rham cohomology group \(H_{dR}~k(M)\) is defined as the quotient vector space of
closed k-forms by exact k-forms: \(H_{dR} ~k(M) = Z~k(M) / B~k(M)\).

The de Rham Complex

The collection of differential forms along with the exterior derivative forms a chain
complex, known as the de Rham complex. This complex provides the algebraic framework
for defining de Rham cohomology groups.

Definition of the de Rham Complex

The de Rham complex for a smooth manifold \(M\) is the sequence of modules of
differential forms:

¢ \(\dots \to \Omega™ {k-1}(M) \xrightarrow{d} \Omega”~k(M) \xrightarrow{d}
\Omega”™{k+1}(M) \to \dots\)



The defining property \(d~2 = 0\) ensures that the image of each map is contained in the
kernel of the next map, i.e., \( \text{Im}(d: \Omega”~ k(M) \to \Omega”™ {k+1}(M))
\subseteq \text{Ker}(d: \Omega” {k+1}(M) \to \Omega” {k+2}(M)) \). This makes the
sequence a chain complex.

Cohomology Groups from the Complex

The de Rham cohomology groups are defined as the homology groups of this complex.
Specifically, the k-th de Rham cohomology group is given by:

\(H {dR}"k(M) = \frac{\text{Ker}(d: \Omega~k(M) \to
\Omega”™{k+1}(M))} {\text{Im}(d: \Omega” {k-1}(M) \to \Omega”~k(M))}\)

These groups are vector spaces over the real numbers. They are topological invariants,
meaning that if two manifolds are homeomorphic, their corresponding de Rham
cohomology groups are isomorphic.

The de Rham Theorem: Connecting Calculus and
Topology

The de Rham theorem is a cornerstone result that firmly establishes the power of
differential forms in algebraic topology. It demonstrates that the real cohomology groups
of a smooth manifold are isomorphic to its de Rham cohomology groups. This theorem is
profound because it connects algebraic invariants derived from calculus (differential
forms) to purely topological invariants.

Statement of the de Rham Theorem

Let \(M\) be a smooth paracompact manifold. The de Rham theorem states that for each
\(k \ge 0\), the singular cohomology group \(H"k(M; \mathbb{R})\) with real coefficients is
isomorphic to the k-th de Rham cohomology group \(H_{dR}~k(M)\) of \(M\). That is,

\(H~k(M; \mathbb{R}) \cong H_{dR}~k(M)\)

Significance of the Theorem

This isomorphism is remarkable. Singular cohomology is defined using continuous maps
from simplices into the manifold, a purely topological construction. De Rham cohomology,
on the other hand, is defined using smooth differential forms and their derivatives, relying
on the differential structure of the manifold. The de Rham theorem shows that for smooth
paracompact manifolds, these two seemingly different approaches yield the same
topological information. This allows mathematicians to use the tools of differential calculus
to compute and understand topological invariants of spaces.



Proof Sketch and Intuition

The proof involves constructing a natural chain map from the singular cochain complex to
the de Rham complex using integration. A continuous map \(f: \Delta”k \to M\) from a k-
simplex is integrated against a k-form \(\alpha\) to produce a real number
\(\int_{\Delta”k} f~\alpha\). This integration process respects the boundary operator in
the singular complex and the exterior derivative in the de Rham complex, up to a sign
convention. By showing that this map induces an isomorphism on cohomology, the de
Rham theorem is established. The intuition is that the "infinitesimal" calculus of
differential forms, when integrated over the manifold's structure, captures the "global"
topological features.

Applications of Differential Forms in Algebraic
Topology

Differential forms and de Rham cohomology have a wide range of applications in
understanding the topology of manifolds, providing powerful tools for distinguishing
spaces and characterizing their geometric properties.

Distinguishing Manifolds

One of the primary uses of de Rham cohomology is to distinguish between different
topological spaces. If two manifolds have different de Rham cohomology groups, they
cannot be homeomorphic. For example, a sphere \(S™n\) and a torus \(T"n\) have distinct
cohomology rings, allowing us to tell them apart using differential forms. The Betti
numbers, which are the ranks of the de Rham cohomology groups (\(b_k = \dim

H {dR}"~k(M)\)), provide a numerical signature for a manifold.

Characteristic Classes

Differential forms are instrumental in defining characteristic classes, which are
fundamental invariants of vector bundles over manifolds. The Chern classes, Pontryagin
classes, and Stiefel-Whitney classes are examples of characteristic classes. These classes
can be constructed using invariant polynomials of curvature forms, which are specific
differential forms derived from connections on vector bundles. Characteristic classes play
a crucial role in classifying vector bundles and understanding the geometry of manifolds.

Intersection Theory

On orientable manifolds, differential forms are used to define intersection numbers. For



example, on a compact oriented manifold, the intersection of two submanifolds can be
related to the integral of a differential form derived from their characteristic classes.
Poincaré duality relates the cohomology groups of a manifold to its homology groups. For
a compact oriented manifold \(M\) of dimension \(n\), Poincaré duality states that \(H"k(M;
\mathbb{R}) \cong H {n-k}(M; \mathbb{R})\). This duality is naturally expressed using
differential forms, where the cap product operation between forms and chains plays a key
role.

Integration and Flux

Differential forms provide a framework for integrating quantities over submanifolds. The
integral of a k-form over an oriented k-dimensional submanifold is well-defined. Stokes'
theorem, which is a generalization of the fundamental theorem of calculus, states that for
a differential form \(\alpha\) and an oriented (k+1)-dimensional submanifold \(W\) with
boundary \(\partial W\), the integral of the exterior derivative of \(\alpha\) over \(W\) is
equal to the integral of \(\alpha\) over the boundary \(\partial W\): \(\int W d\alpha =

\int {\partial W} \alpha\). This theorem is a powerful tool in both differential geometry and
physics.

Examples of de Rham Cohomology Calculation

Let's consider a few examples to illustrate the calculation of de Rham cohomology.

e For Euclidean space \(\mathbb{R}~n\), which is contractible to a point, all its de
Rham cohomology groups are trivial except for \(H {dR}”~0(\mathbb{R}"n) \cong
\mathbb{R}\). This is because any closed form on \(\mathbb{R} ~n\) is exact, due to
the existence of partitions of unity and acyclic resolutions.

e For a circle \(S™1\), we have \(H {dR}"~0(S™1) \cong \mathbb{R}\) (constant
functions), \(H {dR}”~1(S”™1) \cong \mathbb{R}\) (generated by \(d\theta\), where
\(\theta\) is the angular coordinate, and this form is closed but not exact), and
\(H {dR}"k(S71) = 0\) for \(k \ge 2\).

e For a torus \(T"~2 = S~ 1 \times S™ 1)), the de Rham cohomology groups are
\(H_{dR}"~0(T"2) \cong \mathbb{R}\), \(H_{dR}"~1(T"2) \cong \mathbb{R}"~2\),
\(H_ {dR}"~2(T"2) \cong \mathbb{R}\), and \(H_{dR}"~k(T~2) = 0\) for \(k \ge 3\).
The product structure of the torus leads to a product structure in its cohomology
ring.

Further Explorations

The journey into differential forms and algebraic topology opens up many avenues for



deeper study. The interplay between algebraic structure and geometric intuition is a
recurring theme in advanced mathematics.

The de Rham Cohomology Ring

Beyond the vector space structure, the de Rham cohomology groups themselves form a
graded ring under the wedge product. If \([\alpha] \in H {dR}~p(M)\) and \([\beta] \in

H {dR}"~q(M)\) are cohomology classes represented by closed forms \(\alpha\) and
\(\beta\), their product is the cohomology class of their wedge product: \([\alpha] \wedge
[\beta] = [\alpha \wedge \beta] \in H {dR} "~ {p+q}(M)\). This ring structure provides even
richer topological information than the individual cohomology groups. For instance, the
cohomology ring of a product manifold is the tensor product of the cohomology rings of
the factor manifolds.

Connections to Other Cohomology Theories

The de Rham theorem establishes an isomorphism between de Rham cohomology and
singular cohomology with real coefficients. This connection highlights the robustness of
topological invariants. Differential forms also play a role in other cohomology theories,
such as Cech cohomology, through the use of differential forms on the open covers of a
manifold. This leads to generalizations and alternative perspectives on calculating
topological invariants.

Generalized Stokes' Theorem

Stokes' theorem, mentioned earlier, is a powerful unifying principle. It relates integration
of a differential form over a manifold to integration of its exterior derivative over its
boundary. This theorem has profound implications in physics, particularly in the
formulation of conservation laws and in the study of electromagnetic fields.

The study of differential forms in algebraic topology is a rich and active area of research,
continually revealing new insights into the nature of spaces and their properties.

Additional Resources

Here is a numbered list of 9 book titles related to differential forms in algebraic topology,
each beginning with and followed by a short description:

1. Introduction to Differential Forms and Topology

This book provides a foundational understanding of differential forms, bridging their
analytical properties with their topological applications. It carefully introduces concepts
like exterior differentiation, integration, and the de Rham complex. The text aims to equip



readers with the tools necessary to appreciate how differential forms illuminate
topological invariants. It's an excellent starting point for those new to the subject,
combining rigor with clarity.

2. Differential Forms in Algebraic Topology

This classic text offers a deep dive into the intricate relationship between differential
forms and algebraic topology. It meticulously develops the theory of de Rham cohomology
and its connections to singular and Cech cohomology. The book explores advanced topics
such as characteristic classes and the Poincaré duality theorem, all through the lens of
differential forms. It remains an indispensable resource for researchers and graduate
students.

3. Geometry of Differential Forms

Focusing on the geometric aspects, this book explores how differential forms define and
interact with geometric structures on manifolds. It delves into curvature, characteristic
classes, and the interplay between differential forms and vector bundles. The text also
covers foundational concepts like Riemannian metrics and connections, highlighting their
role in the calculus of forms. This volume is ideal for those with a solid background in
differential geometry seeking a deeper understanding.

4. Differential Forms: Theory and Applications

This comprehensive work presents the theory of differential forms with a keen eye
towards their diverse applications. It covers the fundamental machinery of exterior
algebra and calculus, leading into applications in areas like electromagnetism and fluid
dynamics. The book also explores connections to algebraic topology, particularly through
the de Rham theorem. Its breadth makes it suitable for both mathematicians and
physicists.

5. Algebraic Topology via Differential Forms

This engaging book offers a unique perspective on algebraic topology by primarily
employing the language of differential forms. It systematically reconstructs classical
topological invariants using differential geometric tools. The text emphasizes the intuition
gained from studying forms, making abstract concepts more concrete. It's a valuable
resource for students wanting to see the analytic underpinnings of topological theories.

6. Manifolds, Tensors, and Forms

This book provides a unified treatment of the essential mathematical machinery for
studying differential geometry and topology. It systematically introduces manifolds, tensor
fields, and differential forms, building from fundamental definitions to more complex
theories. The text explores the de Rham complex and its cohomological implications,
connecting differential forms to topological properties. This work is well-suited for
advanced undergraduate and graduate students.

7. Morse Theory and Differential Forms

This specialized book explores the profound connections between Morse theory and the
calculus of differential forms. It demonstrates how differential forms can be used to
understand critical points of functions on manifolds and their relationship to homology.
The text delves into the Morse inequalities and their analytic derivations using forms. This
volume is for readers interested in the intersection of analysis and topology on manifolds.

8. Topics in Differential Geometry and Topology



This book gathers a collection of advanced topics, with a significant portion dedicated to
differential forms and their role in topology. It delves into more advanced subjects like
spectral sequences, index theorems, and the interplay of differential forms with complex
manifolds. The text showcases the power of differential forms in tackling challenging
problems in modern geometry and topology. It is aimed at graduate students and
researchers.

9. Differential Forms and Cohomology Theory

This text offers a rigorous exposition of differential forms, focusing on their central role in
constructing cohomology theories. It provides a detailed treatment of the de Rham
complex and its isomorphism to singular cohomology. The book also explores
generalizations and extensions of this framework, linking differential forms to various
cohomology theories. It's a deep dive for those seeking a thorough understanding of the
cohomological power of differential forms.
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