derivatives of inverse functions worksheet

Derivatives of Inverse Functions Worksheet: Mastering the Chain Rule and Beyond
Understanding the derivatives of inverse functions is a crucial step in advanced calculus, unlocking
the ability to differentiate functions that might otherwise seem intractable. This comprehensive guide
and accompanying worksheet are designed to demystify this often-challenging concept, providing
clear explanations, illustrative examples, and practice problems. We will delve into the fundamental
theorem governing these derivatives, explore various techniques for applying it, and equip you with
the knowledge to confidently tackle problems involving inverse trigonometric functions, logarithmic
functions, and more. Whether you're a student looking to solidify your understanding or an educator
seeking effective teaching resources, this article will serve as your go-to resource for mastering
derivatives of inverse functions.
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Understanding the Concept of Inverse Functions

Before we dive into the derivatives of inverse functions, it's essential to have a firm grasp of what
inverse functions are. An inverse function "undoes" the action of another function. If a function f maps
an input x to an output y, its inverse function, denoted as f-, maps the output y back to the original
input x. For an inverse function to exist, the original function must be one-to-one, meaning that each



output corresponds to a unique input. Visually, this means the function must pass the horizontal line
test.

= 11. The inverse

Consider a function like f(x) = 2x + 3. If we input x = 4, the output is f(4) = 2(4) + 3
= 4. This relationship

(
function, f-1(y) = (y - 3)/2, would take 11 and return 4: f-3(11) = (11 - 3)/2 = 8/2
is fundamental to understanding how their derivatives are related.

The One-to-One Property

The existence of an inverse function is predicated on the function being one-to-one. If a function is not
one-to-one, it may have an inverse over a restricted domain. For example, the function g(x) = x2 is
not one-to-one over its entire domain because both g(2) = 4 and g(-2) = 4. However, if we restrict the
domain to x = 0, then g(x) becomes one-to-one, and its inverse is g=*(y) = Vy.

Notation for Inverse Functions

The notation f-1(x) is standard for representing the inverse of a function f(x). It's crucial to distinguish
this from f(x) raised to the power of -1, which would represent 1/f(x). The context of the problem,
particularly when dealing with inverse trigonometric functions like arcsin(x) or arctan(x), clearly
indicates that the inverse function is intended.

The Derivative of an Inverse Function Theorem

The core of our discussion lies in the theorem that connects a function's derivative to the derivative of
its inverse. The theorem states that if a function f is differentiable on an open interval I, and its
inverse function -1 is differentiable at a point b = f(a) in the interval I, then the derivative of the
inverse function at b is given by:

(f2)'(b) = 1/f(a)

This formula is elegant and powerful. It tells us that the slope of the tangent line to the graph of the
inverse function at a point (b, a) is the reciprocal of the slope of the tangent line to the graph of the
original function at the point (a, b). This reciprocal relationship is a direct consequence of the

geometric symmetry between the graphs of a function and its inverse with respect to the liney = x.

The Role of the Chain Rule

The proof of this theorem relies heavily on the chain rule. If we consider the composition of a function
and its inverse, f(f-}(x)) = x. Differentiating both sides with respect to x using the chain rule, we get
f'(f-1(x)) (f-1)'(x) = 1. Solving for (f-1)'(x) then yields (f-1)'(x) = 1 / f'(f-%(x)). Substituting x with b and



f~1(b) with a, we arrive at the theorem's statement: (f-)'(b) = 1/ f'(a).

Conditions for Differentiability

It's important to note the conditions under which this theorem holds. The function f must be
differentiable on an interval, and its inverse f~! must be differentiable at the specific point in question.
A key condition for f-* to be differentiable at b is that f'(a) must not be zero. If f'(a) = 0, then the
tangent line to f at (a, b) is horizontal, meaning the tangent line to f-* at (b, a) would be vertical,
indicating that f~1 is not differentiable at b.

Proving the Derivative of an Inverse Function Theorem

A deeper understanding of the derivative of inverse functions comes from comprehending its proof.
This proof is a classic application of the chain rule, a fundamental concept in differential calculus. By
recognizing that the composition of a function and its inverse yields the identity function, we can
leverage differentiation rules to derive the relationship between their derivatives.

Let y = f(x) and x = f-}(y). We know that f(f-*(y)) = y. Now, we differentiate both sides with respect to
y. On the left side, we use the chain rule. Let g(y) = f-}(y). Then we have f(g(y)). The derivative of
f(g(y)) with respect to y is f'(g(y)) g'(y). On the right side, the derivative of y with respect to y is
simply 1.

So, we have f'(g(y)) g'(y) = 1. Since g(y) = f~*(y), we can rewrite this as f'(f-*(y)) (f-*)'(y) = 1. To find
the derivative of the inverse function, we isolate (f~)'(y):

(F1)'(y) = 1/ f(f(y)

This is the formal statement of the theorem. If we want to express the derivative in terms of the input
variable of the inverse function, say x, and we let y = f(x), then x = f=(y). If we are evaluating the
derivative of the inverse function at a point 'a’ on the x-axis, then the corresponding point on the y-
axis for the original function is b = f(a). Thus, f~}(b) = a. Substituting into the formula, we get (f-)'(b)
=1/f(a).

lllustrative Example for Proof

Let f(x) = x3. Its inverse is f-1(x) = 3Vx. We know f'(x) = 3x2. Using the theorem, the derivative of the
inverse function at a point b = f(a) should be (f-?)'(b) = 1/ f'(a). Let's pick a = 2. Then b =f(2) = 23 =
8. f'(a) = f'(2) = 3(2)? = 12. So, according to the theorem, (f~)'(8) should be 1/12.

Now, let's find the derivative of the inverse function directly. f-*(x) = x*/3. Using the power rule,
(f-1)'(x) = (1/3)x72/?> = 1/ (3x?/?). Now, substitute x = 8: (f-1)'(8) = 1/ (3(8)?/3). Since 8%/* = (3V8)? = 22
= 4, we have (f71)'(8) = 1/ (3 4) = 1/12. The results match, validating the theorem.



Applying the Derivative of an Inverse Function
Theorem

The practical application of the derivative of inverse functions theorem allows us to find the derivative
of an inverse function without explicitly finding the inverse function itself, which can often be a
complex algebraic task. This is particularly useful when dealing with functions whose inverses are not
easily expressed in a simple closed form.

The general approach involves the following steps:

« Identify the function f(x) and the point 'a' at which you want to find the derivative of its inverse,
f=1(x).

¢ Calculate b = f(a). This is the point where you will evaluate the derivative of the inverse
function.

e Find the derivative of the original function, f'(x).
 Evaluate f'(a).

e Apply the theorem: (f-1)'(b) = 1/ f'(a).

Step-by-Step Example

Let's find the derivative of the inverse of f(x) = x3 + x at the point where the inverse function's input
is 10. First, we need to find the value of 'a' such that f(a) = 10. By inspection or solving the equation
a® + a =10, wefind thata = 2 (since 23 + 2 = 8 + 2 = 10).

Next, we find the derivative of f(x): f'(x) = 3x2 + 1. Now, we evaluate f'(a) ata = 2: f'(2) = 3(2)2+ 1 =
34)+1=12+1=13.

Finally, we apply the theorem. The derivative of the inverse function at x = 10 is (f-%)'(10) = 1/ f'(2) =
1/13.

Handling Implicit Functions

Sometimes, the relationship between x and y is given implicitly, for example, x3 + y3 = xy. In such
cases, we first need to identify the function f(x) and then proceed with finding its derivative and the
derivative of its inverse. Alternatively, one can differentiate the implicit relation with respect to x to
find dy/dx, which is f'(x). Then, to find (f~)'(y), we use the relation dx/dy = 1/ (dy/dx).



Derivatives of Specific Inverse Functions

The theorem for the derivative of an inverse function provides a framework for deriving the specific
derivative formulas for common inverse functions, such as inverse logarithmic, exponential, and
trigonometric functions.

Derivative of the Inverse of a Logarithmic Function

Consider the natural logarithm function, f(x) = In(x). Its inverse is the exponential function, f~%(x) =
ex. We know that f'(x) = 1/x. Using the theorem, the derivative of the inverse function at a point b =
f(a) is (f-2)'(b) = 1/ f'(a). Substituting f'(a) = 1/a, we get (f-%)'(b) = 1/ (1/a) = a.

Now, we need to express this in terms of b. Since b = f(a) = In(a), then a = e®. Therefore, the
derivative of the inverse function is (f-)'(b) = eb. Replacing the variable b with x, we get the well-
known derivative of the exponential function: (eX)' = ex.

Derivative of the Inverse of an Exponential Function

Conversely, let's consider the exponential function f(x) = e*. Its inverse is the natural logarithm
function, f=1(x) = In(x). We know that f'(x) = ex. Using the theorem, the derivative of the inverse
function at a point b = f(a) is (f-1)'(b) = 1/ f'(a). Substituting f'(a) = e?, we get (f-1)'(b) =1/ e?.

To express this in terms of b, we use the fact that b = f(a) = e?. Therefore, a = In(b). Substituting a
In(b) into the expression for the derivative, we get (f=2)'(b) = 1/ e”~(In(b)) = 1/b. Replacing the
variable b with x, we arrive at the derivative of the natural logarithm function: (In x)' = 1/x.

Derivatives of Inverse Trigonometric Functions

The derivatives of inverse trigonometric functions are frequently encountered in calculus. These are
derived using the inverse function theorem, often involving a bit of trigonometric manipulation and
the Pythagorean identity.

Derivative of arcsin(x)

Let y = arcsin(x). Then x = sin(y). Differentiating implicitly with respect to x: 1 = cos(y) (dy/dx). So,
dy/dx = 1/ cos(y). We know that sin?(y) + cos?(y) = 1. Since x = sin(y), we have x? + cos?(y) = 1,
which means cos?(y) = 1 - x2. Thus, cos(y) = V(1 - x2) (assuming y is in the range where cos(y) is
positive, which is true for the principal value of arcsin(x)). Therefore, (arcsin x)' = 1/ V(1 - x?).

Derivative of arccos(x)

Let y = arccos(x). Then x = cos(y). Differentiating implicitly with respect to x: 1 = -sin(y) (dy/dx). So,



dy/dx = -1/ sin(y). Since sin?(y) + cos?(y) = 1 and x = cos(y), we have sin?(y) + x> = 1, which means
sin?(y) = 1 - x2. Thus, sin(y) = V(1 - x?) (for the principal value). Therefore, (arccos x)' = -1/ V(1 - x2).

Derivative of arctan(x)

Let y = arctan(x). Then x = tan(y). Differentiating implicitly with respect to x: 1 = sec?(y) (dy/dx). So,
dy/dx = 1/ sec?(y). We use the identity sec?(y) = 1 + tan?(y). Since x = tan(y), we have sec?(y) = 1 +
x2. Therefore, (arctan x)' =1/ (1 + x3).

Derivatives of arccsc(x), arcsec(x), and arccot(x)

Similar derivations using implicit differentiation and trigonometric identities yield the derivatives for
the remaining inverse trigonometric functions:

e (arccsc x)' = -1/ (|x|V(x?2-1))
e (arcsec x)' = 1/ (|x|V(x?- 1))

e (arccotx)' =-1/(1 + x?)

Common Pitfalls and How to Avoid Them

While the concept of derivatives of inverse functions is powerful, students often encounter difficulties.
Being aware of these common pitfalls can significantly improve understanding and performance on
practice worksheets.

Confusing f-*(x) with 1/f(x)

This is a fundamental notational error. Remember that f-1(x) denotes the inverse function, not the
reciprocal of the function. Always pay close attention to the notation and context.

Errors in Finding the Corresponding Point

A frequent mistake is to incorrectly identify the point 'a' when given the value 'b' for the inverse
function's input. Always solve f(a) = b accurately. Double-checking your algebra here is crucial.

Incorrect Application of the Chain Rule

When deriving the formulas or applying the theorem, ensure the chain rule is used correctly. For
example, when differentiating f(f=2(x)), it's f'(f-1(x)) multiplied by (f=1)'(x).



Forgetting the Domain Restrictions

The derivative of an inverse function is only valid where both the original function and its inverse are
differentiable. For inverse trigonometric functions, their domains and ranges, and consequently where
their derivatives are defined, are important.

Algebraic Mistakes in Simplification

Deriving and simplifying the derivatives of inverse trig functions can involve complex algebraic steps.
Carefully review each step, especially when using trigonometric identities and manipulating radicals.

Practice Problems for Derivatives of Inverse Functions

To solidify your understanding, working through practice problems is essential. These problems will
test your ability to apply the inverse function theorem and the specific derivative rules for inverse
functions.

Problems involving general functions

1. If f(x) = x> + X3, find (f~2)'(2).
2. Given g(x) = e* + x, find (g71)'(e? + 1).
3. Let h(x) = tan(x) for -m/2 < x < /2. Find (h~1)'(v3).

4, If f(x) = 2x3 - 5x + 1, find (f-%)'( -2 ). (Hint: You might need to find 'a' such that f(a) = -2 by
inspection or numerical methods if it's not obvious).

5. Suppose y = x3 + 2x. Find dx/dy when y = 10.

Problems involving inverse trigonometric functions

6. Find the derivative of arcsin(3x).

7. Differentiate arctan(x/2) with respect to x.
8. Find the derivative of arccos(x?).

9. Calculate the derivative of arcsec(2x).

10. If y = arcsin(x/4), find dy/dx.



Tips for Using Derivatives of Inverse Functions
Worksheets Effectively

Worksheets are invaluable tools for mastering the derivatives of inverse functions. To maximize their
benefit, follow these tips:

e Start with the Basics: Ensure you have a solid understanding of basic differentiation rules,
including the power rule, product rule, quotient rule, and chain rule, before tackling inverse
functions.

e Understand the Theorem: Don't just memorize the formula. Understand the proof and the
underlying logic. This will help you apply it more flexibly.

e Work Through Examples: Carefully study solved examples in your textbook or provided
resources. Try to replicate the steps without looking.

* Practice Regularly: Consistent practice is key. Aim to complete a few problems each day
rather than cramming.

« Identify the Function and its Inverse: When given a problem, clearly identify f(x) and, if
possible, f~}(x). Then determine the point 'a' corresponding to the given 'b'.

e Check Your Algebra: Many errors in these problems stem from algebraic mistakes. Take your
time and double-check your calculations, especially when dealing with radicals and fractions.

e Use Inverse Trig Identities: Have the key inverse trigonometric derivative formulas readily
available or practice deriving them to commit them to memory.

e Seek Help When Stuck: If you're consistently struggling with a particular type of problem,
don't hesitate to ask your instructor, a tutor, or a study group for help.

¢ Use the Worksheet for Self-Assessment: After completing a worksheet, review your
answers carefully. Identify the types of errors you made and focus on those areas in your
subsequent practice.

Frequently Asked Questions

What is the fundamental relationship between a function and
its inverse that's crucial for differentiating them?

The key relationship is that if f(a) = b, then f=}(b) = a. This symmetry is essential for applying the



chain rule when deriving the formula for the derivative of an inverse function.

What is the formula for the derivative of an inverse function?

The formula is (f-)'(x) = 1/ f'(f-1(x)). This means you need to find the derivative of the original
function, evaluate it at the inverse function's value, and then take the reciprocal.

When working with a worksheet, what's a common pitfall
when calculating f'(f-(x))?

A common mistake is incorrectly finding the inverse function first, or making algebraic errors when
substituting the inverse function into the derivative of the original function.

How do you find the derivative of an inverse trigonometric
function, like arcsin(x)?

You can use the general formula. For y = arcsin(x), we have x = sin(y). Differentiating implicitly with
respect to x gives 1 = cos(y) dy/dx. Solving for dy/dx and using the identity cos(y) = sqrt(1 - sin?(y))
(where y is in the appropriate range) leads to dy/dx = 1/ sqrt(1 - x2).

What's a good strategy for solving problems where you need
to find the derivative of an inverse function at a specific point
without explicitly finding the inverse function?

If you need to find (f~)'(c), you can find a value 'a' such that f(a) = c. Then, you can directly apply the
formula: (f-1)'(c) = 1/ f'(a). This avoids the often-difficult step of finding the explicit form of f=(x).

What are some common types of functions whose inverse
derivatives are frequently tested on worksheets?

Common examples include inverse trigonometric functions (arcsin, arccos, arctan), inverse
exponential functions (logarithms), and inverse power functions.

Additional Resources

Here are 9 book titles related to derivatives of inverse functions, with descriptions:

1. Inverse Calculus: Unraveling the Secrets of Reversed Functions

This book delves into the foundational concepts of inverse functions, exploring their existence and
properties. It then builds upon this understanding to systematically introduce the rules and
techniques for differentiating inverse trigonometric, exponential, and logarithmic functions. The text
includes numerous examples and worked problems to solidify the reader's grasp of these essential
calculus topics.

2. The Calculus of Transformation: Derivatives of Inverse Relationships
Focusing on the transformative nature of inverse functions, this volume provides a comprehensive



treatment of their derivatives. It highlights the geometric interpretations of these derivatives and
their applications in various fields. The book offers a clear and concise explanation of the chain rule's
crucial role in deriving the derivatives of inverses.

3. Mastering Inverse Derivatives: A Practical Guide

Designed for students seeking to excel in calculus, this practical guide offers step-by-step instructions
for finding the derivatives of inverse functions. It covers a wide range of function types, from
algebraic to transcendental, with detailed examples and targeted practice exercises. The book
emphasizes common pitfalls and strategies for efficient problem-solving.

4. Essential Inverse Calculus: Theory and Application

This text bridges the gap between theoretical understanding and practical application of inverse
function derivatives. It rigorously proves the theorems underpinning these derivatives and then
demonstrates their utility in solving real-world problems, such as optimization and curve sketching.
The book is ideal for advanced calculus students and those preparing for standardized tests.

5. Calculus of the Unseen: Derivatives of Implicit and Inverse Forms

This book explores the interconnectedness of implicit differentiation and the derivatives of inverse
functions. It showcases how techniques from one area can be applied to the other, offering a deeper
insight into the structure of mathematical relationships. The text provides challenging problems that
encourage critical thinking and analytical skills.

6. The Inverse Function Playground: Exploring Derivative Properties

This engaging title invites readers to explore the properties of inverse function derivatives through
interactive examples and visualizations. It aims to build intuition by demonstrating how the slope of a
function relates to the slope of its inverse. The book is suitable for those who learn best by doing and
visual exploration.

7. Advanced Calculus Concepts: Derivatives of Inverse Trigonometric Functions and Beyond

This book targets students looking for a more in-depth understanding of calculus, with a significant
focus on the derivatives of inverse trigonometric functions. It delves into the nuances of these
derivatives, including their domain and range considerations, and explores their application in
integration techniques. The text also touches upon more advanced inverse functions.

8. Calculus Refined: Advanced Techniques for Inverse Derivatives

This volume offers refined methods and advanced techniques for calculating the derivatives of
inverse functions. It examines subtle aspects of the derivation process and explores less common
inverse functions. The book is designed for those who have a solid foundation in calculus and wish to
expand their problem-solving repertoire.

9. The Derivative Detective: Uncovering Inverse Function Rules

This title frames the process of finding inverse function derivatives as a detective mission,
encouraging curiosity and methodical investigation. It breaks down the core principles and offers
strategies for deducing the derivative rules for various inverse functions. The book aims to make
learning these concepts enjoyable and memorable through its narrative approach.
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